Gauged N=2 Supergravity and Partial Breaking of Extended Supersymmetry by Maruyoshi, Kazunobu
ar
X
iv
:h
ep
-th
/0
60
70
47
v2
  2
0 
Ju
l 2
00
6
July, 2006
OCU-PHYS 250
hep-th/0607047
Gauged N = 2 Supergravity and Partial Breaking of
Extended Supersymmetry
Kazunobu Maruyoshi†
Department of Mathematics and Physics, Graduate School of Science
Osaka City University
3-3-138, Sugimoto, Sumiyoshi-ku, Osaka, 558-8585, Japan
Abstract
We review the general gauged N = 2 supergravity coupled to an arbitrary number of
vector multiplets and hypermultiplets. We consider two different models where N = 2
supersymmetry is broken to N = 1 spontaneously, one has a U(1) vector multiplet and the
other has a U(N) vector multiplet. In both cases, partial breaking of N = 2 supersymmetry
is accomplished by the Higgs and the super-Higgs mechanisms. The mass spectrum can be
evaluated and we conclude that the resulting models have N = 1 supersymmetry. This is
based on master thesis submitted to Graduate School of Science, Osaka City University, in
March 2006.
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Chapter 1
Introduction
The standard model is a successful theory describing the high energy physics. The remark-
able agreement of theory and experiment gives us confidence that it is the correct description
of strong, weak and electric interactions of elementary particles. However there are several
serious problems, such as the gauge hierarchy problem and the inability to include the gen-
eral relativity. These facts suggest that the standard model is not final theory but rather
an effective theory describing the electroweak energy scale region.
Supersymmetry has become the dominant framework of formulating physics beyond the
standard model. Supersymmetric extension of the standard model can solve some problems.
Since supersymmetry requires that each scalar field have fermionic partner of the same mass,
the quadratic divergences of the scalar mass terms automatically vanish. Also three gauge
coupling constants modify to meet accurately at very high energy. But supersymmetry is not
observed in nature, so it must be broken at low energy scale. If a supersymmetry is broken
spontaneously, a massless fermion called Nambu-Goldstone fermion appears. Thus, global
supersymmetry should not be broken spontaneously. Though, in the local supersymmetry,
the Nambu-Goldstone fermion is absorbed by gravitino through the super-Higgs mechanism.
This motivates to study supergravity as a candidate beyond the standard model.
The fact that extended (N > 1) supersymmetric theories cannot have the chiral struc-
ture of the standard model make it difficult to deal with phenomenologically. But many the-
orists have been researched extended supersymmetric theories using their rich geometrical
structures. In N = 2 supersymmetric Yang-Mills theory, by using its symplectic structure,
Seiberg and Witten have showed that the prepotential function can be determined exactly
including the non-perturbative effects [1, 2]. Similarly, N = 2 supergravity has symplectic
structure. The most general form of Lagrangian coupled to an arbitrary number of vector
multiplets and hypermultiplets in presence of a general gauging of the isometries of both
vector and hypermultiplet scalar manifolds has been obtained by [3, 4]. This construc-
tion uses a coordinate independent and manifestly symplectic covariant formalism which in
particular does not require the use of a prepotential function.
Partial supersymmetry breaking plays an important role of relating the extended super-
symmetric field theories with the phenomenological models. It has been shown that, in U(1)
gauged global N = 2 supersymmetric theory with electric and magnetic Fayet-Iliopoulos
term, the N = 2 supersymmetry is broken to N = 1 [5, 6, 7]. It has been generalized to
the case of U(N) gauged theory by [8, 9, 10]. In N = 2 supergravity, partial supersym-
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metry breaking have been accomplished by simultaneous realization of the Higgs and the
super-Higgs mechanisms [11, 12, 13, 14, 15, 16, 17, 37]. But it is notable that these results
have been obtained in the microscopic theories. Also, it is known that N = 2 supergravity
relates to N = 2 global supersymmetric theory [13, 19]. In this thesis, we will see that in
U(N) gauged N = 2 supergravity as low energy effective theory the half of supersymmetry
is broken to N = 1 counterpart spontaneously [20].
The Organization of This Thesis
The first half of this thesis (chapter 2 ∼ chapter 4) is review of the general matter coupled
N = 2 supergravity in four dimensions. On the other hand, in the latter half of this thesis
(chapter 5 and chapter 6), we deal with the partial supersymmetry breaking.
In chapter 2, we define special Ka¨hler manifolds and quaternionic Ka¨hler manifolds.
These manifolds describe scalar sector of vector multiplet and hypermultiplet respectively.
In chapter 3, we review the gauging procedure of special and quaternionic Ka¨hler mani-
folds. Notion of momentum map which is introduced in section 3.1 plays an important role
for the gauging.
Finally, the general matter coupled Lagrangian is given in chapter 4. It is consistent
with the Bianchi identities which are obtained in appendix B. Also, the supersymmetry
transformation laws of all the fields are introduced at the end of this chapter.
In chapter 5, we review the simplest N = 2 model where the N = 2 supersymmetry is
broken to N = 1 [12]. This model has U(1) gauged vector multiplet and a hypermultiplet. If
we choose symplectic section such as no prepotential exists, partial supersymmetry breaking
occurs. It is accomplished by simultaneous realization of the Higgs and the super-Higgs
mechanisms. We, also, see that the mass spectrum. In this model, the symplectic section
has chosen to be the simplest function. Therefore, this model is microscopic theory such
that higher order coupling terms of the scalar fields are not exist.
Chapter 6 is the main part of this thesis. We extend the model in the chapter 5 to
U(N) gauged model. We give N = 2 supergravity model coupled to a U(N) gauged
vector multiplet and a hypermultiplet. In particular, we do not choose the symplectic
section as the simplest function. It leads to the effective theory which contains higher order
coupling terms of the scalar fields. We observe that the N = 2 supersymmetry is broken
to N = 1 spontaneously. Furthermore, by redefining the fluctuations of the scalar fields
from the vacuum expectation value as new N = 1 scalar fields, we can write down N = 1
supergravity model in terms of the superpotentials.
Field Contents
Before going to the next chapter, we present, here, the field contents of N = 2 supergravity.
The general matter coupled N = 2 supergravity contains a gravitational multiplet, m vector
multiplets and k hypermultiplets. All the component fields of these multiplets are massless
and describe as follows:
• a gravitational multiplet
This multiplet is described by the vierbein eiµ (i, µ = 0, 1, 2, 3), two gravitini ψ
A
µ
4
(A = 1, 2) and the graviphoton A0µ. (The upper and lower position of the index A
represent left and right chirality, respectively.)
• m vector multiplets
Each vector multiplet contain a gauge boson Aaµ (a = 1, . . . ,m), two gaugino λ
aA and
a complex scalar za. (The chirality notation is opposite to that of gravitinos, that is,
the upper and lower position denote right and left chirality, respectively.)
• k hypermultiplets
Each multiplet contain two hyperini ζα (α = 1, . . . , 2k) and four real scalar bu (u =
1, . . . , 4k). (The upper and lower position of the index α represent left and right
chirality, respectively.)
The chirality notations are explained in detail in the appendix A.
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Chapter 2
Special and quaternionic Ka¨hler
manifolds
The vector multiplets and the hypermultiplets contain the different kinds of the scalar
fields and they are governed by the different kinds of geometries. The scalar field sector
of vector multiplets is described by special Ka¨hler manifold SM, while the scalar sector of
hypermultiplets is described by quaternionic Ka¨hler manifoldHM. Special Ka¨hler manifold
is Hodge-Ka¨hler manifold which has the particular bundle structure. Therefore, in section
2.1, we define a Hodge-Ka¨hler manifold. The definition of the special Ka¨hler manifold is
given in section 2.2. This definition is independent of whether prepotential exists or not. We
also give a different definition of the special Ka¨hler manifold which depend on the existence
of the prepotential. On the other hand, quaternionic Ka¨hler geometry is defined in section
2.3.
There are many works on special and quaternionic Ka¨hler geometries. Special Ka¨hler
geometry based on the special coordinates was introduced in [21, 22, 23]. The definition of
the special Ka¨hler geometry in terms of the symplectic bundles is in [25, 24, 3, 26, 4, 27, 28,
29, 30]. On the other hand, the geometric interpretation of the coupling of hypermultiplets
was introduced in [31] and [32, 33, 3, 4]. Here we use the notations of [4].
2.1 Hodge-Ka¨hler manifolds
Ka¨hler manifolds
First of all, let us see the notations of Ka¨hler manifold. A Ka¨hler manifold is defined as
follows. Consider a complex manifold M equipped hermitian metric g. A Ka¨hler manifold
M is a Hermitian manifold M whose Ka¨hler 2-form K is closed: dK = 0. In this case, the
metric g is called Ka¨hler metric of M. The Ka¨hler 2-form can be written in terms of the
Ka¨hler metric as,
K =
i
2π
gab∗dz
a ∧ dz¯b∗ , (2.1.1)
where a = 1, . . . , n, and n is complex dimension of the Ka¨hler manifold. The Ka¨hler metric
is locally given by
gab∗ = ∂a∂b∗K(z, z¯), (2.1.2)
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where K is real function and is called the Ka¨hler potential. It is defined up to holomorphic
function f(z), that is, the Ka¨hler metric is invariant under the Ka¨hler transformation:
K → K+ f(z) + f¯(z¯). (2.1.3)
The only non-vanishing components of the Levi-Civita connection is Γabc and Γ
a∗
b∗c∗. With
these components, for example, the covariant derivatives of vector Va are
∇aVb = ∂aVb + ΓcabVc,
∇a∗Vb = ∂a∗Vb. (2.1.4)
We require the metric compatibility which can be written, in components, as
∇agbc∗ = 0, (2.1.5)
which leads to the following relations:
Γabc = −gad
∗
∂cgbd∗ ,
Γa
∗
b∗c∗ = −ga
∗d∂c∗gb∗c. (2.1.6)
Furthermore, the non-vanishing components of curvature 2-form are written as
Rab = R
a
bc∗ddz¯
c∗ ∧ dzd, Rabc∗d = ∂c∗Γabd,
Ra
∗
b∗ = R
a∗
b∗cd∗dz
c ∧ dz¯d∗ , Ra∗b∗cd∗ = ∂cΓa
∗
b∗d∗ . (2.1.7)
Hodge-Ka¨hler manifolds
Let us consider a line bundle L pi−→ M over a Ka¨hler manifold. This is the holomorphic
vector bundle whose fibre is C1 and its structure group is subgroup of GL(1,C). Thus, the
Chern class is written as,
c(L) = 1 + i
2π
F, (2.1.8)
where F is the field strength of the GL(1,C) connection. Since cj = 0 for j > 1, the only
available Chern class is c1:
c1(L) = i
2π
F =
i
2π
∂¯θ =
i
2π
∂¯(h−1∂h) =
i
2π
∂¯∂ log h, (2.1.9)
where h(z, z¯) and θ are the hermitian metric and the canonical hermitian connection on L
respectively. In (2.1.9), we have used the relation between h(z, z¯) and θ:
θ = h−1∂h = h−1∂ahdza,
θ¯ = h−1∂¯h = h−1∂a∗hdz¯a
∗
. (2.1.10)
Let f(z) be a holomorphic section of L. The norm of f(z) is given as ||f(z)|| = h(z, z¯)f¯(z¯)f(z).
Since under the action of the operator ∂¯∂ the term log(f¯(z¯)f(z)) yields a vanishing contri-
bution, we can rewrite (2.1.9) as
c1(L) = i
2π
∂¯∂ log || f(z) ||2. (2.1.11)
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Definition 2.1. A Ka¨hler manifold M is a Hodge-Ka¨hler manifold MHodge if there exists
a line bundle L pi−→M whose first Chern class is equivalent to the cohomology class of the
Ka¨hler 2-form K,
c1(L) = [K]. (2.1.12)
Eq. (2.2.2) implies that there is a holomorphic section W (z) such that:
K =
i
2π
gab∗dz
a ∧ dz¯b∗
=
i
2π
∂¯∂ log || W (z) ||2
≡ i
2π
∂a∂b∗ log || W (z) ||2dza ∧ dz¯b∗ . (2.1.13)
It follows from (2.1.13) that if the manifold M is a Hodge-Ka¨hler manifold, then the ex-
ponential of the Ka¨hler potential can be interpreted as the metric on a line bundle L:
h(z, z¯) = exp(K(z, z¯)). (2.1.14)
By substituting (2.1.14) into (2.1.10), we obtain
θ = ∂K = ∂aKdza,
θ¯ = ∂¯K = ∂a∗Kdz¯a∗ . (2.1.15)
In theN = 1 supergravity, c1(K) = [K] and this restrictsM to be a Hodge-Ka¨hler manifold.
Principal U(1) bundle
It is known that there exists a correspondence between line bundles and principal U(1)
bundles. Thus, the covariant derivatives with respect to the canonical connection of the
line bundle are related to those of the U(1) bundle. We can express this correspondence, in
terms of the canonical connection, as
Q = Im θ = − i
2
(θ − θ¯), (2.1.16)
where Q is the canonical connection on U(1) bundle U →M. If we apply the above formula
to the case of the U(1) bundle U →M associated with Hodge-Ka¨hler manifold, that is, the
line bundle L whose first Chern class equals the Ka¨hler 2-form, we get
Q = − i
2
(
∂aKdza − ∂a∗Kdz¯a∗
)
. (2.1.17)
Let us consider a principal U(1)p bundle. Let Φ(z, z¯) be a section of Up. Its covariant
derivative is
∇Φ = (d+ ipQ)Φ, (2.1.18)
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or, in components,
∇aΦ = (∂a + 1
2
p∂aK)Φ,
∇a∗Φ = (∂a∗ − 1
2
p∂a∗K)Φ. (2.1.19)
A covariantly holomorphic section of U is defined by the equation: ∇a∗Φ = 0. We can easily
map each section Φ(z, z¯) of Up into a section Φ˜ of the line bundle L by setting,
Φ˜ = e−pK/2Φ (2.1.20)
Under the map covariantly holomorphic sections of U flow into holomorphic section of L
and viceversa, that is,
∂a∗Φ˜ = e
−pK/2∇a∗Φ (2.1.21)
2.2 Special Ka¨hler manifolds
The scalar field sector of vector multiplets in N = 2 supergravity is described by special
Ka¨hler geometry of local type. Suppose that there are m vector multiplets, so there exist
m complex scalar fields za, a = 1, . . . ,m. It is known that these scalar fields span a special
Ka¨hler manifold SM. The number of the complex scalar fields, m, corresponds to the
complex dimension of the special Ka¨hler manifold.
Here we only give definition of the special Ka¨hler manifold. Thus, there is no guarantee
that the vector multiplet scalar sector of N = 2 supergravity is described by the special
Ka¨hler geometry. However, in the appendix B, we will confirm that it is true.
2.2.1 Definitions
We consider, in addition to the line bundle L which has been introduced in the Hodge-
Ka¨hler manifold, the bundle SV as follows: SV → SM denotes a holomorphic flat vector
bundle with structure group Sp(2m+2,R). Consider tensor bundle of the type H = SV⊗L.
A holomorphic section Ω of such a bundle will have the following structure,
Ω(z) =
(
XΛ(z)
FΣ(z)
)
, Λ,Σ = 0, 1, . . . ,m. (2.2.1)
Definition 2.2. A special Ka¨hler manifold SM of the local type is an m-dimensional Hodge-
Ka¨hler manifold MHodge if there exists a bundle H with the following properties.
1. For some holomorphic section Ω, the Ka¨hler 2-form is given by
K = − i
2π
∂¯∂ log(i〈Ω|Ω¯〉). (2.2.2)
2. On overlaps of charts i and j, the symplectic section Ω are connected by transition
functions of the following form
Ω(i) =
(
XΛ
FΣ
)
(i)
= efij(z)Mij
(
XΛ
FΣ
)
(j)
, (2.2.3)
with fij holomorphic and Mij ∈ Sp(2m+ 2,R) ,
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3. The transition functions satisfy the following cocycle conditions on overlap regions of
three charts:
efijfjkfki = 1,
MijMjkMki = 1. (2.2.4)
Eq. (2.2.2) implies that we have a local expression for the Ka¨hler potential in terms of the
holomorphic section Ω:
K = − log(i〈Ω|Ω¯〉) = − log[i(X¯ΛFΛ − F¯ΛXΛ)]. (2.2.5)
We introduce a non-holomorphic section V of the bundle H according to,
V =
(
LΛ
MΣ
)
≡ eK/2Ω = eK/2
(
XΛ
FΣ
)
, (2.2.6)
so that (2.2.5) becomes
1 = i〈V |V¯ 〉 = i(L¯ΛMΛ − M¯ΛLΛ). (2.2.7)
It can be seen as the section on the associated U(1) bundle (2.1.18). Therefore, by using
(2.1.19), its covariant derivatives are written as,
Ua ≡ ∇aV =
(
∂a +
1
2
∂aK
)
V =
(
fΛa
hΣ|a
)
, (2.2.8)
Ua∗ ≡ ∇a∗V =
(
∂a∗ − 1
2
∂a∗K
)
V = 0, (2.2.9)
U¯a∗ ≡ ∇a∗ V¯ =
(
∂a∗ +
1
2
∂a∗K
)
V¯ =
(
f¯Λa∗
h¯Σ|a∗
)
, (2.2.10)
where U¯a∗ has been defined to be complex conjugate of Ua. At this stage, we can derive
the following equations
〈V |Ua〉 = 〈V |Ua∗〉 = 〈V |U¯a∗〉 = 0, (2.2.11)
gab∗ = −i〈Ua|U¯b∗〉, (2.2.12)
∇[aUb] = 0, (2.2.13)
where ∇a denotes the covariant derivative containing both the canonical connection θ on
the line bundle L and the Levi-Civita connection:
∇aUb = ∂aUb + 1
2
∂aKUb + ΓcabUc. (2.2.14)
Defining
Cabc = 〈∇aUb|Uc〉, (2.2.15)
we can see that it is completely symmetric in its indices. With this, (2.2.14) can be written
as,
∇aUb = iCabcgcd∗U¯d∗ . (2.2.16)
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Lemma 2.1. The completely symmetric tensor Cabc is covariantly holomorphic, namely,
∇d∗Cabc = 0. (2.2.17)
Proof. First of all, we have to observe that Ua satisfies the following condition:
〈Ua|Ub〉 = ∇b〈Ua|V 〉 − 〈∇bUa|V 〉
= −iCabcgcd∗〈U¯d∗ |V 〉
= 0, (2.2.18)
where we have used (2.2.11) and (2.2.16). We can also evaluate the covariant derivatives,
∇a∇b∗Uc and ∇b∗∇aUc, as follows:
∇a∇b∗Uc = ∂a(∇b∗Uc) + 1
2
∂aK(∇b∗Uc) + Γdac(∇b∗Ud)
= ∂a∂b∗Uc − 1
2
∂a(∂b∗KUc) + 1
2
∂aK∇b∗Uc + Γdac∇b∗Ud,
∇b∗∇aUc = ∂b∗(∇aUc)− 1
2
∂b∗K(∇aUc)
= ∂a∂b∗Uc +
1
2
gab∗Uc − 1
2
∂b∗∂aUc +
1
2
∂a∇b∗Uc + Γdac∇b∗Ud + (∂∗bΓdac)Ud,
which lead to
[∇a∇b∗ −∇b∗∇a]Uc = −gab∗Uc − (∂∗bΓdac)Ud. (2.2.19)
Thus, using (2.2.18), we derive
∇d∗Cabc = 〈∇d∗∇aUb|Uc〉+ 〈∇aUb|∇d∗Uc〉
= 〈(∇a∇d∗Ub|Uc〉+ iCabegef∗gcd∗〈U¯f∗ |V 〉
= 0, (2.2.20)
in the last equality, we have used∇a∇d∗Ub = ∇a(gbd∗V ) = gbd∗Ua. Therefore, the lemma 2.1
has been proved.
We have to introduce one more important quantity, the generalized gauge coupling
matrix N which will appear in the Lagrangian of the N = 2 supergravity †. It is introduced
by the following relations,
M¯Λ = N¯ΛΣL¯Σ, hΛ|a = N¯ΛΣfΣa , (2.2.21)
which can be solved constructing the two (N + 1)× (N + 1) matrices
fΛI =
(
fΛa
L¯Λ
)
, hΛ|I =
(
hΛ|a
M¯Λ
)
, (2.2.22)
†We will see it in the chapter 4.
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and setting:
N¯ΛΣ = hΛ|I ◦ (f−1)IΣ. (2.2.23)
From the previous formulae it is easy to derive a set of useful relations:
(ImNΛΣ)LΛL¯Σ = −1
2
, (2.2.24)
UΛΣ ≡ fΛa f¯Σb∗gab
∗
= −1
2
(ImN )−1|ΛΣ − L¯ΛLΣ, (2.2.25)
Cabc = f
Λ
a ∂bN¯ΛΣfΣc = (N − N¯ )ΛΣfΛa ∂bfΣc , (2.2.26)
2.2.2 The holomorphic prepotential
So far we have not mentioned about the holomorphic prepotential F (X). Indeed, when the
definition of special Ka¨hler manifolds is given in intrinsic terms, as we did in the previous
section, the holomorphic prepotential F can be dispense of. Actually, it appears that some
physically interesting cases (for example, partial supersymmetry breaking) are precisely
instances where F (X) does not exist.
However, we give the definition of special Ka¨hler manifold, which depends on the exis-
tence of the prepotential here.
Definition 2.3. A special Ka¨hler manifold is an m-dimensional Hodge-Ka¨hler manifold with
the following properties.
1. On every chart there exist complex projective coordinate functions XΛ(z), where
Λ = 0, . . . ,m and a holomorphic function (prepotential) F (XΛ) which is homogeneous
of second degree, such that the Ka¨hler potential is
K = − log i
[
X¯Λ
∂
∂XΛ
F (X)−XΛ ∂
∂X¯Λ
F¯ (X¯)
]
, (2.2.27)
2. On overlaps of charts i and j, the symplectic vector Ω which is constructed from X
and F in property 1 are connected by transition functions of the following form
Ω(i) =
(
X
∂F
)
(i)
= efij(z)Mij
(
X
∂F
)
(j)
, (2.2.28)
with fij holomorphic and Mij ∈ Sp(2m+ 2,R) ,
3. The transition functions satisfy the cocycle conditions (2.2.4) on overlap regions of
three charts.
This definition of a special Ka¨hler manifold clearly depends on the existence of the prepo-
tential F (X). In reference of [27], it has been proved that these definitions are equivalent
each other.
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2.3 Quaternionic Ka¨hler manifolds
Let us turn to the hypermultiplet sector. There are 4 real scalar fields for each hypermul-
tiplet and, at least locally, they can be regarded as 4 components of a quaternion. These
scalar fields span a quaternionic manifold HM. If we have k hypermultiplets, the manifold
HM has dimension 4k.
Let us consider a 4k-dimensional real manifold with a metric h:
ds2 = huv(b)db
u ⊗ dbv ; u, v = 1, . . . , 4m, (2.3.1)
and three complex structures Jx that satisfy the quaternionic algebra
JxJy = −δxyI+ ǫxyzJz, (2.3.2)
and respect to which the metric is hermitian: for any tangent vector X,Y on HM,
h(JxX,JyY ) = h(X,Y ). (2.3.3)
From (2.3.3), it follows that one can introduce a triplet of 2-forms
Kx = Kxuvdb
u ∧ dbv,
Kxuv = huw(J
x)wv (2.3.4)
The triplet of 2-forms, Kx, is named the hyperKa¨hler form. It provides the generalization of
the Ka¨hler form introduced in the complex case. It is an SU(2) Lie-algebra valued 2-form in
the same way as the Ka¨hler form is a U(1) Lie-algebra valued 2-form. In the complex case,
the definition of Ka¨hler manifold involves the statement that the Ka¨hler 2-form is closed
and, in Hodge-Ka¨hler manifold, the Ka¨hler 2-form can be identified with the curvature of
a line bundle. Similar steps can be taken also here which lead to quaternionic manifolds.
Consider a principal SU(2) bundle SU → HM that play for hypermultiplets the same
role played by the line bundle L → SM in the case of vector multiplets. Let ωx denote
a connection on such a bundle. To obtain a quaternionic manifold we must impose the
condition that the hyperKa¨hler 2-form is covariantly closed with respect to the connection
ωx
∇Kx ≡ dKx + ǫxyzωy ∧Kz = 0. (2.3.5)
Furthermore, we define the SU curvature by
Ωx = dωx +
1
2
ǫxyzωy ∧ ωz. (2.3.6)
Definition 2.4. A quaternionic manifold HM is a 4m-dimensional manifold with the struc-
ture described above and such that the curvature of the SU bundle is proportional to the
HyperKa¨hler 2-form as
Ωx = λKx. (2.3.7)
where λ is a non-vanishing real number.
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Holonomy
As a consequence of the above structure, the holonomy group of the manifold HM is a
subgroup of Sp(2) × Sp(2k,R). If we introduce flat indices A,B = 1, 2; α, β = 1, . . . , 2k
that run in the fundamental representations of SU(2) and Sp(2k,R) respectively, we can
find vielbein 1-form
UAα = UAαu dbu, (2.3.8)
such that
huv = UAαu UBβv CαβǫAB, (2.3.9)
where Cαβ = −Cβα and ǫAB = −ǫBA are, respectively, the flat Sp(2m) and Sp(2) ∼ SU(2)
invariant metrics †.
The vielbein UAα is covariantly closed with respect to the SU(2) connection wx and to
some Sp(2k,R) Lie algebra valued connection ∆αβ = ∆βα:
∇UAα ≡ dUAα + i
2
ωx(ǫσxǫ
−1)AB ∧ UBα +∆αβ ∧ UAγCβγ = 0, (2.3.10)
where (σx) BA are the standard Pauli matrices
†† and Sp(2k,R) Lie algebra valued connection
∆αβ satisfies:
∆ βα ≡ ∆γβCγα,
∆αβ ≡ Cβγ∆αγ . (2.3.11)
Furthermore, UAα satisfies the reality condition:
UAα ≡ (UAα)∗ = ǫABCαβUBβ. (2.3.12)
Eq.(2.3.12) defines the rule to lower the symplectic indices by means of the flat symplectic
metrics ǫAB and Cαβ . More specifically we can write a stronger version of (2.3.9) [31]:
(UAαu UBβv + UAαv UBβu )Cαβ = huvǫAB, (2.3.13)
(UAαu UBβv + UAαv UBβu )ǫAB = huv
1
m
C
αβ . (2.3.14)
We have also the inverse vierbein UuAα defined by the following equation:
UuAαUAαv = δuv , (2.3.15)
Flatting a pair of indices of the Riemann tensor Ruvts we obtain
RuvtsUAαu UBβv = −
i
2
ǫACR BC|tsC
αβ + Rαβts ǫ
AB, (2.3.16)
†Notations are fixed in the appendix A
††Also, see appendix A
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where R BA|uv and R
αβ
uv are the curvature of the SU(2) connection and the Sp(2m) connection
respectively:
R BA = R
B
A|uvdb
u ∧ dbv,
≡ Ωxuv(σx) BA , (2.3.17)
R
αβ = Rαβts db
t ∧ dbs
≡ d∆αβ +∆αγ ∧∆δβCγδ. (2.3.18)
Eq.(2.3.16) is the explicit statement that the Levi-Civita connection associated with the
metric h has a holonomy group contained in SU(2) ⊗ Sp(2m).
Let us consider (2.3.2), (2.3.4) and (2.3.7), so we easily obtain the following relation:
hstKxusK
y
tw = −δxyhuw + ǫxyzKzuw. (2.3.19)
By using (2.3.7), (2.3.19) can be rewritten as follows:
hstΩxusΩ
y
tw = −λ2δxyhuw + λǫxyzΩzuw. (2.3.20)
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Chapter 3
The gauging
In this chapter, we discuss the gauging procedure. The gauge group is identified with a
subgroup of isometries of the product manifold SM×HM. The isometries are generated
by Killing vectors. Also, the Killing vectors are written by the Killing potential which
is, in geometrical point of view, identical with the momentum map providing the Poisson
realization of Lie algebra on the manifold.
Firstly, we review about the Killing vectors and the Killing potential. We also see
the notion of the momentum map. Furthermore, the construction of the momentum map
on special Ka¨hler manifolds or quaternionic Ka¨hler manifolds is considered respectively.
Finally, we gauge all the connections which have been given in the last chapter. These are
based on the works of [33, 3, 4].
3.1 The momentum map
3.1.1 The Killing vectors
Consider a Ka¨hler manifold M of complex dimension m. A vector field X is said a Killing
vector field if an infinitesimal displacement ǫX generates an isometry, that is, under the
displacement the Ka¨hler metric is invariant:
(LXg)µν = 0, (3.1.1)
where LX is the Lie derivative along the vector fieldX. Let kaΛ (a = 1 . . . m) be a component
of holomorphic Killing vectors, that is,
X = aΛkΛ,
kΛ = k
a
Λ
∂
∂za
+ ka
∗
Λ
∂
∂za∗
, (3.1.2)
where kΛ is a basis of the Killing vectors. The above statement can be rewritten such that,
under the infinitesimal holomorphic coordinate transformations
δza = ǫΛkaΛ(z), (3.1.3)
the Ka¨hler metric is invariant.
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Eq.(3.1.1) implies the following Killing equations:
∇akbΛ +∇bkaΛ = 0,
∇a∗kbΛ +∇bka∗Λ = 0, (3.1.4)
where we have defined as kb = gba∗k
a∗ , ka∗ = ga∗bk
b. Holomorphicity of the Killing vectors
means the following differential constraints:
∂b∗k
a
Λ(z) = 0,
∂bk
a∗
Λ (z) = 0. (3.1.5)
Let us consider a compact Lie group G acting on M by means of Killing vector fields
X. From (3.1.1), we obtain for the Ka¨hler 2-form,
0 = LXK = iXdK + d(iXK) = d(iXK), (3.1.6)
where iX denotes the contraction with X. In the third equality, we have used the fact that
the Ka¨hler 2-form is closed. In general, ifM is simply connected, first de Rham cohomology
group is trivial †. Thus, the closed one form is also exact. In this case, the one form iXK
is exact, then we can write
− 1
2π
dPX = iXK, (3.1.7)
where a function PX is defined up to a constant. If we expand X = aΛkΛ in a basis of
Killing vectors kΛ, we can also expand PX as,
PX = aΛPΛ. (3.1.8)
Using this basis, we can rewrite (3.1.7) in components
kaΛ = ig
ab∗∂b∗PΛ,
ka
∗
Λ = −iga
∗b∂bPΛ. (3.1.9)
The function PΛ is called Killing potential.
Indeed the Killing vectors which are written as (3.1.9) satisfy the Killing equations
(3.1.4) The first equation of (3.1.4) is automatically satisfied, because
∇akb = ∂akb + Γcabkc
= (∂agbd∗ + Γ
c
abgcd∗ + Γ
c∗
ad∗gbc∗)k
d∗
= (∇agbd∗)kd∗
= 0. (3.1.10)
where we have used Γc
∗
ad∗ = 0. Also, since (3.1.9) implies
∇a∗kbΛ = −i∂a∗∂bPΛ,
∇bka∗Λ = i∂b∂a∗PΛ, (3.1.11)
†see, for example, chapter 6 of [34]
17
thus the second equation of (3.1.4) is satisfied. In other words if we can find a function PΛ
such that the expression igab
∗
∂b∗PΛ is holomorphic, then (3.1.9) defines a Killing vector.
If we substitute gab∗ = ∂a∂b∗K into (3.1.9), we obtain an expression for the Killing
potential in terms of the Ka¨hler potential,
iPΛ = 1
2
(kaΛ∂aK− ka
∗
Λ ∂a∗K) = kaΛ∂aK = −ka
∗
Λ ∂a∗K. (3.1.12)
Eq. (3.1.12) is true if the Ka¨hler potential is exactly invariant under the transformations
of the isometry group G and not only up to a Ka¨hler transformation as defined in (2.1.3).
In other words (3.1.12) is true if
0 = LΛK = kaΛ∂aK+ ka
∗
Λ ∂a∗K. (3.1.13)
Note that not all the isometries of a general Ka¨hler manifold have such a property.
3.1.2 The momentum map
The construction of the Killing potential can be stated in a more precise geometrical formu-
lation which involves the notion of momentum map. Let us review this construction which
reveals another deep connection between supersymmetry and geometry.
Let us firstly prove the following relation:
X(PY ) = P[X,Y ]. (3.1.14)
We refer to this as equivariance relation.
Proof. Since the Ka¨hler 2-form is closed, we get
0 = dK(X,Y,Z) = X(K(Y,Z))− Y (K(X,Z)) + Z(K(X,Y ))
= −K([X,Y ], Z) +K([X,Z], Y )−K([Y,Z],X). (3.1.15)
On the other hand, using (3.1.6), we obtain
0 = d(iXK)(Y,Z) = Y (K(X,Z))− Z(K(X,Y ))−K(X, [Y,Z]), (3.1.16)
0 = d(iYK)(X,Z) = X(K(Y,Z))− Z(K(Y,X)) −K(Y, [X,Z]). (3.1.17)
The above three equations imply
Z(K(Y,X)) = K([X,Y ], Z), (3.1.18)
which leads to:
d ◦ iX ◦ iY (K) = i[X,Y ]K, (3.1.19)
where we have used that for any function f , X(f) = iX(df). However, the left hand side of
(3.1.19) can be rewritten as
−2πd(iX ◦ iY (K)) = d(iX(dPY )) = d(X(PY )), (3.1.20)
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in the first equality we have used (3.1.7). Therefore, we have proved (3.1.14) up to constant.
Suppose that we expand X in a basis kΛ such that
[kΛ, kΣ] = f
Γ
ΛΣ kΓ. (3.1.21)
In the following we will use the shorthand notation LΛ, iΛ for the Lie derivative and the con-
traction along the chosen basis of Killing vectors kΛ. The left hand side of the equivariance
relation (3.1.14) can be represented in terms of the Killing vectors as follows,
X(PY ) = aΛkΛ(aΣPΣ) = iaΛaΣgab∗(kaΛkb
∗
Σ − kaΣkb
∗
Λ ), (3.1.22)
where we have used (3.1.9). On the other hand, the right hand side of (3.1.14) is written
as
P[X,Y ] = aΛaΣf ΓΛΣPΓ. (3.1.23)
Therefore, the equivariance relation implies
igab∗(k
a
Λk
b∗
Σ − kaΣkb
∗
Λ ) = f
Γ
ΛΣPΓ. (3.1.24)
Momentum map
There is another way of stating the equivariance relation. It is based on the notion of the
momentum map. A momentum map is constituted by PX . This can be regarded as a map,
P : M→ R⊗ g∗, (3.1.25)
where g∗ denotes the dual of the Lie algebra g of the Lie group G. Indeed let g ∈ g be the
Lie algebra element corresponding to the Killing vector X; then, for a given p ∈M,
µ(m) : g → PX(p) ∈ R (3.1.26)
is a linear functional on R.
The momentum map is the Hamiltonian function providing the Poissonian realization
of the Lie algebra on the Ka¨hler manifold. Indeed the very existence of the closed Ka¨hler
2-form K guarantees that every Ka¨hler space is a symplectic manifold and that we can
define a Poisson bracket.
Consider (3.1.9). To every generator of the abstract Lie algebra g we have associated a
function PΛ on M. The Poisson bracket of PΛ with PΣ is defined as follows,
{PΛ,PΣ} ≡ 4πK(Λ,Σ), (3.1.27)
where K(Λ,Σ) = K(~kΛ, ~kΣ) is the value of K along the pair of Killing vectors.
Lemma 3.1. The following identity is true,
{PΛ,PΣ} = f ΓΛΣPΓ + CΛΣ, (3.1.28)
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where CΛΣ is a constant tensor satisfying the cocycle condition
f ∆ΛΣ C∆Γ + f
∆
ΣΓ C∆Λ + f
∆
ΓΛ C∆Σ = 0. (3.1.29)
Proof. Using (3.1.7), we have
4πK(Λ,Σ) = −4πK(Σ,Λ) = 2πiΣiΛK = −2πiΛiΣK = −iΣdPΛ = iΛdPΣ
=
1
2
(iΛdPΣ − iΣdPΛ)
=
1
2
(LΛPΣ − LΣPΛ). (3.1.30)
Since the exterior derivative commutes with the Lie derivative, [d,LΛ] = 0, we find
4πdK(Λ,Σ) =
1
2
(LΛdPΣ − LΣdPΛ)
= −π(LΛiΣK − LΣiΛK)
= −2πi[Λ,Σ]K
= f ΓΛΣ dPΓ, (3.1.31)
in the third equality, we have used [iΛ,LΣ]K = i[Λ,Σ]K and LΛK = 0. Using (3.1.27), we
obtain
d({PΛ,PΣ} − f ΓΛΣPΓ) = 0, (3.1.32)
which proves (3.1.28). The cocycle condition (3.1.29) follows from the Jacobi identities
satisfied by (3.1.27).
If the Lie algebra g has a trivial second cohomology group H2(g) = 0, then the cocycle
CΛΣ is a coboundary, namely CΛΣ = f
Γ
ΛΣCΓ and C
Γ are suitable constants. Therefore, if
we assume H2(g) = 0, we can absorb CΛ in the definition of PΛ:
PΛ → PΛ + CΛ, (3.1.33)
and we obtain the stronger equation
{PΛ,PΣ} = f ΓΛΣPΓ. (3.1.34)
Note that H2(g) = 0 is true for all semi-simple Lie algebras. Using (3.1.27), (3.1.34) can
be rewritten in components as follows,
i
2
gab∗(k
a
Λk
b∗
Σ − kaΣkb
∗
Λ ) =
1
2
fΓΛΣPΓ. (3.1.35)
This equation is identical with the equivariance relation (3.1.24).
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The momentum map on special Ka¨hler manifolds
We consider the momentum map on special Ka¨hler manifolds. In order to distinguish
the holomorphic momentum map from the triholomorphic one PxΛ which is defined on
quaternionic Ka¨hler manifolds in next subsection, we adopt the notation P0Λ. The Lie
derivative of the covariantly holomorphic section V defined in (2.2.7) is
LΛV = kaΛ∂aV + ka
∗
Λ ∂a∗V = TΛV + V fΛ(z), (3.1.36)
where
TΛ =
(
aΛ bΛ
cΛ dΛ
)
∈ Sp(2n+ 2,R) (3.1.37)
is some element of the real symplectic Lie algebra and fΛ(z) corresponds to an infinitesimal
Ka¨hler transformation.
As we see in the next chapter, the Lagrangian of gauged N = 2 supergravity is not
necessarily invariant under the Ka¨hler transformation (2.1.3). In order for the Lagrangian
to be invariant, we should impose the following restriction:
fΛ(z) = 0. (3.1.38)
Under the above restriction, recalling (2.2.5) and (2.2.6), for the sections V and Ω we have,
LΛV = (kaΛ∂aK+ ka
∗
Λ ∂a∗K)V + eK/2LΛΩ
= TΛe
K/2Ω,
LΛΩ = TΛΩ. (3.1.39)
Thus, we obtain
LΛK = kaΛ∂aK+ ka
∗
Λ ∂a∗K = 0 (3.1.40)
that is identical with (3.1.13). Therefore, as discussed in the last subsection, the following
equation is true
iP0Λ = kaΛ∂aK = −ka
∗
Λ ∂a∗K. (3.1.41)
Utilizing the definition in (2.2.8) we easily obtain,
kaΛUa = TΛV + iP0ΛV. (3.1.42)
Taking the symplectic scalar product of (3.1.42) with V¯ and recalling (2.2.7) we finally get:
P0Λ = 〈V¯ |TΛV 〉 = 〈V |TΛV¯ 〉
= eK〈Ω¯|TΛΩ〉. (3.1.43)
In the gauging procedure, we are interested in the symplectic image of whose generators is
block-diagonal and coincides with adjoint representation in each block. Namely,
TΛ =
(
fΣΛ∆ 0
0 −fΣΛ∆
)
. (3.1.44)
Then (3.1.43) becomes
P0Λ = eK
(
F∆f
∆
ΛΣX¯
Σ + F¯∆f
∆
ΛΣX
Σ
)
. (3.1.45)
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3.1.3 The triholomorphic momentum map
Let us turn to a discussion of isometries of the quaternionic manifold HM associated with
hypermultiplets. The triholomorphicity of the momentum map Px (x = 1, 2, 3) comes from
the quaternionic algebra (2.3.2) of HM. We must assume that on HM we have an action by
triholomorphic isometries of the same Lie group G that acts on the special Ka¨hler manifold
SM. This is means that on product manifold SM⊗HM we have Killing vectors
kˆΛ = k
a
Λ
∂
∂za
+ ka
∗
Λ
∂
∂za∗
+ kuΛ
∂
∂bu
(3.1.46)
which generate the transformation keeping invariant the metric,
gˆ =
(
gab∗ 0
0 huv
)
, (3.1.47)
and satisfy the same Lie algebra as the corresponding Killing vectors on special Ka¨hler
manifolds SM:
[kˆΛ, kˆΣ] = f
Γ
ΛΣ kˆΓ. (3.1.48)
In the previous section, we have obtained the Ka¨hler 2-form is invariant under the action
of Lie derivative. Similarly, the Killing vector fields leave the hyperKa¨hler form invariant.
The only difference is the freedom to do the SU(2) rotations in the SU(2) bundle SU , that
is,
LΛKx = ǫxyzKyW zΛ,
LΛωx = ∇W xΛ, (3.1.49)
where W xΛ is an SU(2) compensator associated with the Killing vector k
u
Λ. This can be
rewritten, by using the identification between hyperKa¨hler forms and SU(2) curvatures
(2.3.7), as
LΛΩx = ǫxyzΩyW zΛ. (3.1.50)
The compensator W xΛ necessarily fulfills the cocycle condition:
LΛW xΣ − LΣW xΛ + ǫxyzW yΛW zΣ = f ΓΛΣW xΓ . (3.1.51)
In full analogy with the case of Ka¨hler manifolds, to each Killing vector we can associate
a triplet PxΛ(b) of Killing potentials. Indeed,
∇W xΛ = LΛωx
= d(iΛω
x) + iΛ(dω
x)
= λ(iΛK
x) +∇(iΛωx), (3.1.52)
where ∇ is defined such that, for SU(2) vector V x, ∇V x = dV x + ǫxyzωyV z. Therefore, if
we set
PxΛ ≡ λ−1(iΛωx −W xΛ), (3.1.53)
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we obtain
iΛK
x = −∇PxΛ ≡ −(dPxΛ + ǫxyzωyPzΛ). (3.1.54)
If we expand X = aΛkˆΛ on a basis of Killing vectors kΛ satisfying the commutation relation
(3.1.48), we can set
PxX = aΛPxΛ. (3.1.55)
With this basis, we can also rewrite (3.1.54) as,
iXK
x = −∇PxX . (3.1.56)
This is a generalization of the relation (3.1.7).
Furthermore, we need a generalization of the equivariance relation obtained by (3.1.14).
It should be written in terms of PxX as follows:
X(PxY ) = Px[X,Y ], (3.1.57)
where the left-hand side of (3.1.57) is interpreted as
X(PxY ) = iX∇PxY = Xu∇uPxY . (3.1.58)
The triholomorphic momentum map
As in the Ka¨hler manifold case, (3.1.54) defines a momentum map:
Px : M→ R3 ⊗ g∗, (3.1.59)
where g∗ denotes the dual of the Lie algebra g of the group G. Indeed let g ∈ g be the Lie
algebra element corresponding to the Killing vector X, then, for a given p ∈ M
µ(p) : g → PxX(p) ∈ R3 (3.1.60)
is a linear functional on g.
Correspondingly, the triholomorphic Poisson bracket is defined as follows:
{PΛ,PΣ}x ≡ 2Kx(Λ,Σ)− λǫxyzPyΛPzΣ (3.1.61)
Lemma 3.2. The following identity is true,
{PΛ,PΣ}x = f ΓΛΣPxΓ + CxΛΣ, (3.1.62)
where CxΛΣ is covariantly constant, namely, ∇CxΛΣ = 0 and fulfills the cocycle condition
f ∆ΛΣ C
x
∆Γ + f
∆
ΣΓ C
x
∆Λ + f
∆
ΓΛ C
x
∆Σ = 0. (3.1.63)
Proof. It is analogous to the proof of lemma 3.1. The difference is that we have to introduce
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covariant exterior derivative and covariant Lie derivative L˜Λ instead of the ordinary ones.
L˜Λ is defined such as for any SU(2) vector V x,
L˜ΛV x = LΛV x + ǫxyzW yV z. (3.1.64)
With this definition, (3.1.50) is rewritten as
L˜ΛΩx = 0. (3.1.65)
Using (3.1.54), we have
2Kx(Λ,Σ) = iΣiΛK
x = −iΛiΣKx
=
1
2
(iΛ∇PΣ − iΣ∇PΛ)
=
1
2
(LΛPxΣ − LΣPxΛ + ǫxyz(iΛω)yPzΣ − ǫxyz(iΣω)yPzΛ). (3.1.66)
Thus, we obtain
2Kx(Λ,Σ)− λǫxyzPyΛPzΣ =
1
2
(L˜ΛPxΣ − L˜ΣPxΛ). (3.1.67)
Since the covariant exterior derivative commutes with the covariant Lie derivative for
any SU(2) vector V x, [∇, L˜Λ]V x = 0, we find
∇ (2Kx(Λ,Σ)− λǫxyzPyΛPzΣ) = 12(L˜Λ∇PxΣ − L˜Σ∇PxΛ)
= −1
2
(L˜ΛiΣKx − L˜ΣiΛKx)
= −i[Λ,Σ]Kx
= f ΓΛΣ∇PxΓ, (3.1.68)
in the third equality, we have used the fact that [iΛ, L˜Σ]Kx = i[Λ,Σ]Kx. Using (3.1.61), we
get
∇({PΛ,PΣ}x − f ΓΛΣPxΓ) = 0. (3.1.69)
Thus, the lemma 3.2 is proved.
If we assume that the second cohomology group is trivial, then we have
CxΛΣ = f
Γ
ΛΣC
x
Γ, (3.1.70)
and the constant CxΛ is absorbed by PxΛ. Therefore, we obtain the Poissonian realization of
the Lie algebra
{PΛ,PΣ}x = f ΓΛΣPxΓ, (3.1.71)
which, in components, leads to
Kxuvk
u
Λk
v
Σ −
λ
2
ǫxyzPyΛPzΣ =
1
2
f ΓΛΣPxΓ. (3.1.72)
Eq.(3.1.72), which is the most convenient way of expressing equivariance relation in a co-
ordinate basis, plays a fundamental role in the construction of the supersymmetric action,
supersymmetry transformation rules and of the superpotential for N = 2 supergravity on
a general quaternionic manifold.
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3.2 Gauging of the composite connections
On the special and quaternionic manifold, we have introduced several connection 1-forms
related with different bundles. Gauging the corresponding supergravity theory is done by
gauging these composite connections of the underlying σ-model.
For the Levi-Civita connection the gauging is standard on Ka¨hler manifold M. Let
kaΛ(z) be the Killing vectors which defined in the last section. The ordinary differential dz
a
is replaced by the covariant differential defined as
dza → ∇za = dza + gAΛkaΛ(z), (3.2.1)
dz¯a
∗ → ∇z¯a∗ = dz¯a∗ + gAΛka∗Λ (z¯), (3.2.2)
where g is the gauge coupling constant and AΛ is the gauge 1-form. The Levi-Civita
connection Γab = Γ
a
bcdz
c is replaced by its gauged counterpart as
Γab → Γˆab = Γabc∇zc + gAΛ∂bkaΛ, (3.2.3)
Γa
∗
b∗ → Γˆa
∗
b∗ = Γ
a∗
b∗c∗∇z¯c
∗
+ gAΛ∂b∗k
a∗
Λ . (3.2.4)
The gauged curvature 2-form is
Rˆab ≡ dΓˆab + Γˆac ∧ Γˆcb
= Rabc∗d∇z¯c
∗ ∧∇zd + gFΛ∂bkaΛ(z), (3.2.5)
where FΛ is the gauged field strength:
FΛ = dAΛ +
1
2
gf ΛΣΓ A
Σ ∧AΓ. (3.2.6)
In an analogous way, the gauging of the Sp(2k) connection gives
∆αβ → ∆ˆαβ = ∆αβ + gAΛ∂ukvΛUu|AαUβA|v, (3.2.7)
and the associated gauged curvature R becomes
R
αβ → Rˆαβ = Rαβuv dbu ∧ dbv + gFΛ∂ukvΛUu|AαUβA|v. (3.2.8)
The existence of the Killing potentials allow the following definitions for the U(1) con-
nection and the SU(2) connection:
Q → Qˆ = Q+ gAΛP0Λ, (3.2.9)
ωx → ωˆx = ωx + gAΛPxΛ. (3.2.10)
By computing the associated gauged curvatures, one finds the gauge covariant expressions:
Kˆ = dQˆ
= igab∗∇za ∧ ∇z¯b∗ + gFΛP0Λ, (3.2.11)
Ωˆx = dωˆx +
1
2
ǫxyzωˆy ∧ ωˆz
= Ωxuv∇bu ∧ ∇bv + gFΛPxΛ. (3.2.12)
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Chapter 4
The Lagrangian of gauged N = 2
supergravity
In this chapter we introduce the gauged N = 2 supergravity Lagrangian and the supersym-
metry transformation laws in terms of the geometric quantities which have been given in
the last two chapters.
In [35, 31, 21, 22, 32, 23, 36], the Lagrangian of N = 2 supergravity was constructed.
In particular, the Lagrangian of gauged N = 2 supergravity was introduced in [3, 37, 4].
4.1 The Lagrangian of gauged N = 2 supergravity
The complete Lagrangian can be found in [4]. It is constructed such that its equations of
motion are consistent to the solutions of the Bianchi identities. We will discuss with the
Bianchi identities and its solutions in the appendix B. The construction of the Lagrangian is
very complicated and tedious. Here we do not see the derivation of the complete Lagrangian.
The general derivation of the supergravity Lagrangian is given in [38]. Also, [24, 3] will help
you deriving the complete Lagrangian.
The gauged N = 2 supergravity action is given by
S =
∫
d4x
√−g (Lkin + LPauli + Lnon−inv4Fermi + Linv4Fermi + LYukawa − V (z, z¯, b)) . (4.1.1)
Lkin consists of the kinetic terms of the component fields and is written as,
Lkin = R+ gab∗∇µza∇µz¯b∗ + huv∇µbu∇µbv + ǫ
µνλσ
√−g (ψ¯
A
µ γν∇λψAσ − ψ¯Aµγν∇λψAσ )
+
1
4
(ImN )ΛΣFΛµνFΣµν +
1
4
(ReN )ΛΣFΛµν F˜Σµν
−igab∗
(
λ¯aAγµ∇µλb∗A + λ¯b
∗
A γµ∇µλaA
)
− 2i (ζ¯αγµ∇µζα + ζ¯αγµ∇µζα)
+[gab∗∇µz¯b∗ λ¯aAγµνψAν − gab∗∇µz¯b∗ ψ¯µAλaA
+2UαAu ∇µbuζ¯αγµνψAν − 2UαAu ∇µbuψ¯µAζα + h.c.]. (4.1.2)
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za and λaA are, respectively, scalar fields and SU(2) doublet gaugini of the vector multi-
plets. On the other hand, bu and ζα are scalar fields and SU(2) doublet hyperini of the
hypermultiplets. The SU(2) doublet gravitini are represented by ψAµ . The field strengths
FΛµν
† of the gauge fields Aaµ and the graviphoton field A0µ are
FΛµν = ∂µA
Λ
ν − ∂νAΛµ + gfΛΣΓAΣµAΓν , (4.1.3)
and F˜Λ are their Hodge duals:
F˜Λµν =
1
2
ǫµνλσF
Λλσ. (4.1.4)
The normalization of the kinetic terms for the hypermultiplet scalar fields bu depend on the
constant λ of the quaternionic Ka¨hler manifold. We have chosen that λ = 1 because of the
positivity of the kinetic terms.
Although we need not the explicit forms of LPauli, Linv4Fermi and Lnon−inv4Fermi , we give them
for completeness:
LPauli = F−Λµν (ImN )ΛΣ[2LΣψ¯AµψBνǫAB − 2if¯Σa∗ λ¯a
∗
A γ
νψµBǫ
AB
+
1
4
∇afΣb λ¯aAγµνλbBǫAB −
1
2
LΣζ¯αγ
µνζβC
αβ] + h.c., (4.1.5)
Linv4fermi =
i
2
(
gab∗ λ¯
aAγσλ
b∗
B − 2δAB ζ¯αγσζα
)
ψ¯Aµγλψ
B
ν
ǫµνλσ√−g
−1
6
(
Cabcλ¯
aAγµψBµ λ¯
bCλcDǫACǫBD + h.c.
)
−2ψ¯Aµ ψBν ψ¯µAψνB + 2gab∗ λ¯aAγµψBν λ¯a
∗
A γ
µψνB
+
1
4
(
Rab∗cd∗ + gad∗gcb∗ − 3
2
gab∗gcd∗
)
λ¯aAλcBλ¯b
∗
A λ
d∗
B
+
1
4
gab∗ ζ¯
αγµζαλ¯
aAγµλb
∗
A +
1
2
RαβtsU tAγUsBδǫABCδη ζ¯αζη ζ¯βζγ
− 1
12
(
i∇aCbcdλ¯bAλaBλ¯cCλdDǫACǫBD + h.c.
)
+gab∗ ψ¯
A
µ λ
b∗
A ψ¯
µ
Bλ
aB + 2ψ¯Aµ ζ
αψ¯µAζα +
(
ǫABCαβψ¯
A
µ ζ
αψ¯Bµζβ + h.c.
)
,
(4.1.6)
Lnon−inv4Fermi = (ImN )ΛΣ[2LΛLΣ(ψ¯Aµ ψBν )−(ψ¯CµψDν)−ǫABǫCD
−8iLΛf¯Σa∗(ψ¯Aµ ψBν )−(λ¯a
∗
A γ
νψνB)
−
−2f¯Λa∗ f¯Σb∗(λ¯a
∗
A γ
νψµB)
−(λ¯b
∗
C γνψDµ)
−ǫABǫCD
+
i
2
LΛf¯Σd∗g
cd∗Cabc(ψ¯
A
µ ψ
B
ν )
−λ¯aCγµνλbDǫABǫCD
†We have redefined the field strengths FΛµν in (B.2.4) in the appendix B as F
Λ
µν →
1
2
F
Λ
µν .
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+f¯Λe∗ f¯
Σ
d∗g
cd∗Cabc(λ¯
e∗
A γνψBµ)
−λ¯aAγµνλbB
−LΛLΣ(ψ¯Aµ ψBν )−ζ¯αγµνζβǫABCαβ
+iLΛf¯Σa∗(λ¯
a∗
A γ
νψµB)
−ζ¯αγµνζβǫABCαβ
− 1
32
CabcCdefg
cg∗gfh
∗
f¯Λg∗ f¯
Σ
h∗λ¯
aAγµνλ
bBλ¯dCγµνλeDǫABǫCD
−1
8
LΛ∇afΣb ζ¯αγµνζβλ¯aAγµνλbBǫABCαβ
+
1
8
LΛLΣζ¯αγµνζβ ζ¯γγ
µνζδC
αβ
C
γδ] + h.c., (4.1.7)
where we have used, F±Λµν =
1
2 (F
Λ
µν ± i2ǫµνλσFΛλσ). Also, (. . .)− denotes the self dual part of
the fermion bilinears.
Because of the gauging, we obtain the following Yukawa coupling terms which include
the mass terms of the fermions and scalar potential terms:
LYukawa = g[2SABψ¯Aµ γµνψBν + igab∗W aABλ¯b
∗
A γµψ
µ
B + 2iN
A
α ζ¯
αγµψ
µ
A
+Mαβ ζ¯αζβ +MαaB ζ¯αλaB +MaA|bBλ¯aAλbB ] + h.c., (4.1.8)
V (z, z¯, b) = g2[gab∗k
a
Λk
b∗
Σ L¯
ΛLΣ + gab
∗
fΛa f¯
Σ
b∗PxΛPxΣ
+4 huvk
u
Λk
v
ΣL¯
ΛLΣ − 3 L¯ΛLΣPxΛPxΣ]. (4.1.9)
The coupling constant g in LYukawa, V is a symbolic notation to remind that these terms
are produced by the gauging. Therefore, there is no Yukawa terms and the scalar potential
term in the ungauged theory (g = 0).
LYukawa are written by the following matrices,
SAB =
i
2
(σx)ABPxΛLΛ, (4.1.10)
W aAB = ǫABkaΛL¯
Λ + i(σx)
ABPxΛgab
∗
f¯Λb∗ , (4.1.11)
NAα = 2 UAαukuΛL¯Λ, (4.1.12)
Mαβ = −UAαu UBβv ǫAB∇[ukv]ΛLΛ, (4.1.13)
MαbB = −4 UαBukuΛfΛb , (4.1.14)
MaA|bB =
1
2
(
ǫABgac∗k
c∗
Λ f
Λ
b + i(σx)ABPxΛ∇bfΛa
)
. (4.1.15)
In the subsequent chapter, it is convenient to divide W aAB and MaA|bB into two parts
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respectively such that
W aAB1 = ǫ
ABkaΛL¯
Λ, (4.1.16)
W aAB2 = i(σx)
ABPxΛgab
∗
f¯Λb∗ , (4.1.17)
M1;aA|bB =
1
2
ǫABgac∗k
c∗
Λ f
Λ
b , (4.1.18)
M2;aA|bB =
i
2
(σx)ABPxΛ∇bfΛa . (4.1.19)
In the following, we refer to these matrices as mass matrices.
The covariant derivatives are defined as follows:
∇µψAν = ∂µψAν − 1
4
γijω
ij
µ ψAν +
i
2
QˆµψAν + ωˆ BAµψBν , (4.1.20a)
∇µψAν = ∂µψAν −
1
4
γijω
ij
µ ψAν −
i
2
QˆµψAν + ωˆABµψBν , (4.1.20b)
∇µza = ∂µza + gAΛµkaΛ, (4.1.20c)
∇µλaA = ∂µλaA − 1
4
γijω
ij
µ λ
aA − i
2
QˆµλaA + ΓˆabµλbA + ωˆABµλaB , (4.1.20d)
∇µλa∗A = ∂µλa
∗
A −
1
4
γijω
ij
µ λ
a∗
A +
i
2
Qˆµλa∗A + Γˆa
∗
b∗µλ
b∗
A + ωˆ
B
Aµλ
a∗
B , (4.1.20e)
∇µbu = ∂µbu + gAΛµkuΛ, (4.1.20f)
∇µζα = ∂µζα − 1
4
γijω
ij
µ ζα −
i
2
Qˆµζα + ∆ˆβαµζβ, (4.1.20g)
∇µζα = ∂µζα − 1
4
γijω
ij
µ ζ
α +
i
2
Qˆµζα + ∆ˆαβµζβ. (4.1.20h)
In the above equations, Qˆµ, Γˆabµ, ωˆ BAµ and ∆ˆ βαµ are the space-time components of the gauged
connections which have introduced at the end of the last chapter:
Qˆµ = − i
2
(∂aK∂µza − ∂a∗K∂µz¯a∗) + gAΛµP0Λ, (4.1.21a)
Γˆabµ = Γ
a
bc∂µz
c + gAΛµ∂bk
a
Λ, (4.1.21b)
ωˆ BAµ =
i
2
ωˆx(σx)
B
A =
i
2
(
ωxu∂µb
u + gAΛµPxΛ
)
(σx)
B
A , (4.1.21c)
∆ˆ βαµ = ∆
β
αu∂µb
u + gAΛµ∂uk
v
ΛUu|AαUβA|v. (4.1.21d)
where ωijµ is the spin-connection. Also, the coupling constant g in the covariant derivatives
is a symbolic notation which comes from the gauging. If we consider the ungauged theory,
these terms are vanish and all the gauged covariant derivatives reduce to ordinary ones.
4.2 The supersymmetry transformation laws
In order to discuss whether supersymmetry are broken or not in the subsequent chapter, we
need the supersymmetry transformation laws of all the fermions. Let ǫA be the infinitesimal
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parameter of the supersymmetry transformations. The supersymmetry transformation laws
of the fermion fields are given by
δψAµ = DµǫA − 1
4
(
∂aKλ¯aBǫB − ∂a∗ λ¯a∗B ǫB
)
ψAµ
−ω BAuUuCα(ǫCDCαβ ζ¯βǫD + ζ¯αǫC)ψBµ
+(A νBA ηµν +A
′ νB
A γµν)ǫB
+ǫAB(T
−
µν + U
+
µν)γ
νǫB + igSABηµνγ
νǫB (4.2.1)
δλaA =
1
4
(∂bKλ¯bBǫB − ∂b∗Kλ¯b∗B ǫB)λaA
−ωABuUuCα(ǫCDCαβ ζ¯βǫD + ζ¯αǫC)λaB
−Γabcλ¯cBǫBλbA + i(∇µza − λ¯aAψAµ)γµǫA
+G−aµν γ
µνǫBǫ
AB + Y aABǫB + gW
aABǫB (4.2.2)
δζα = −∆ βαuUuAγ
(
ǫABCγβ ζ¯βǫB + ζ¯
γǫA
)
ζβ
+
1
4
(∂aKλ¯aBǫB − ∂a∗Kλ¯a∗B ǫB)ζα
+i
(
UBβu ∇µbu − ǫBCCβγ ζ¯γψC − ζ¯βψB
)
γµǫAǫABCαβ
+gNAα ǫA. (4.2.3)
The supersymmetry transformation laws of the bosons are
δeiµ = −iψ¯AµγiǫA − iψ¯Aµ γiǫA, (4.2.4)
δAΛµ = 2L¯
Λψ¯AµǫBǫ
AB + 2LΛψ¯Aµ ǫ
BǫAB
+i(fΛa λ¯
aAγµǫ
BǫAB + f¯
Λ
a∗ λ¯
a∗
A γµǫBǫ
AB), (4.2.5)
δza = λ¯aAǫA, (4.2.6)
δbu = UuAα(ζ¯αǫA + CαβǫAB ζ¯βǫB), (4.2.7)
where
A µBA = −
i
4
ga∗b
(
λ¯a
∗
A γ
µλbB − δBA λ¯a
∗
C γ
µλbC
)
, (4.2.8a)
A
′µB
A =
i
4
ga∗b
(
λ¯a
∗
A γ
µλbB − 1
2
δBA λ¯
a∗
C γ
µλbC
)
− i
4
δBA ζ¯αγ
µζα, (4.2.8b)
T−µν = i(ImN )ΛΣLΛ
(
F˜Σ−µν +
1
4
∇afΣb λ¯aAγµνλbBǫAB −
1
2
C
αβ ζ¯αγµνζβL
Σ
)
, (4.2.9a)
T+µν = i(ImN )ΛΣL¯Λ
(
F˜Σ+µν +
1
4
∇a∗ f¯Σb∗ λ¯a
∗
A γµνλ
b∗
B ǫ
AB − 1
2
Cαβ ζ¯
αγµνζ
βL¯Σ
)
, (4.2.9b)
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U−µν = −
i
4
C
αβ ζ¯αγµνζβ, (4.2.10a)
U+µν = −
i
4
Cαβ ζ¯
αγµνζ
β, (4.2.10b)
Ga−µν = −
1
2
gab
∗
f¯Σb∗(ImN )ΣΛ
(
F˜Λ−µν +
1
4
∇afΛb λ¯aAγµνλbBǫAB −
1
2
C
αβ ζ¯αγµνζβL
Λ
)
,
(4.2.11a)
Ga
∗+
µν = −
1
2
ga
∗bfΣb (ImN )ΣΛ
(
F˜Λ+µν +
1
4
∇c∗ f¯Λd∗ λ¯c
∗
A γµνλ
d∗
B ǫ
AB − 1
2
Cαβ ζ¯
αγµνζ
βL¯Λ
)
,
(4.2.11b)
Y aAB =
i
2
gab
∗
Cb∗c∗d∗ λ¯
c∗
C λ
d∗
D ǫ
ACǫBD. (4.2.12)
In the above equations, F˜Λµν are the supercovariant field strengths defined by:
F˜Λµν = F
Λ
µν + L¯
Λψ¯Aµψ
B
ν ǫAB + L¯
Λψ¯AµψBνǫ
AB
−ifΛa λ¯aAγ[νψBµ]ǫAB − if¯Λa∗ λ¯a
∗
A γ[νψBµ]ǫ
AB . (4.2.13)
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Chapter 5
Partial supersymmetry breaking in
the N = 2 U(1) gauged model
The simplest realization of the partial breaking of N = 2 local supersymmetry has been
discussed in reference [12]. The model includes a U(1) vector multiplet and a hypermultiplet.
In this chapter, we review this model and it will be generalized to U(N) gauged model in
next chapter.
First of all, the parametrizations of the vector multiplet and the hypermultiplet are
given in section 5.1. In section 5.2, we see that the N = 2 local supersymmetry is broken
to N = 1. This is confirmed by the appearance of a Nambu-Goldstone fermion and the
mass spectrum which is computed in section 5.3. Finally, in section 5.4, we summarize the
results and discuss its applications.
5.1 N = 2 U(1) gauged supergravity model
5.1.1 Vector multiplet
The U(1) † vector multiplet contains a complex scalar field z which spans the special Ka¨hler
manifold of complex dimension 1. We start from the case in which the holomorphic prepo-
tential F (X0,X1) exists. Since the prepotential F (X) is a homogeneous of second degree
of the coordinates XΛ(z) (Λ = 0, 1), we can write F as follows,
F (X0,X1) = (X0)2F(X1/X0). (5.1.1)
We can evaluate FΛ by taking the derivative of F with respect to X
Λ,
F0 = 2X
0F(X1/X0)−X1 ∂
∂(X1/X0)
F(X1/X0),
F1 = X
0 ∂
∂(X1/X0)
F(X1/X0). (5.1.2)
It is natural to choose the coordinate XΛ(z) linearly independent:
X0(z) =
1√
2
, X1(z) =
1√
2
z. (5.1.3)
†To be precise, the gauge symmetry is U(1)× U(1)graviphoton.
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Substituting (5.1.3) into (5.1.2), we have
F0(z) =
1√
2
(
2F(z) − z ∂F(z)
∂z
)
,
F1(z) =
1√
2
∂F(z)
∂z
. (5.1.4)
To specify the model, we have to choose a particular form of the holomorphic function F(z).
Our choice, here, is
F(z) = −iz. (5.1.5)
This is the simplest choice of the function F(z): it corresponds to consider the microscopic
(or bare) theory. The holomorphic section Ω(z) can be written as,
Ω(z) =
(
XΛ
FΛ
)
=
1√
2

1
z
−iz
−i
 . (5.1.6)
We can easily compute the Ka¨hler potential (2.2.5) and its derivative:
K = − log(z + z¯), (5.1.7)
∂zK = −(z + z¯)−1. (5.1.8)
By using above equations, the Ka¨hler metric and the Levi-Civita connection (2.1.6) are
gzz¯ = ∂z∂z¯K = (z + z¯)−2, (5.1.9)
Γzzz = −gzz
∗
∂zgzz∗ = 2(z + z¯)
−1, (5.1.10)
where we have used the shorthand notation: ∂z = ∂/∂z and ∂z∗ = ∂/∂z¯.
Now perform the symplectic transformation,
Ω→ Ω˜ = SΩ =

1 0 0 0
0 0 0 −1
0 0 1 0
0 1 0 0
Ω = 1√2

1
i
−iz
z
 , (5.1.11)
where S ∈ Sp(4,R). After this mapping, the transformed section Ω˜ can no longer be written
in the standard form with the prepotential F˜ , because the last two components clearly can
not be written as functions of the first two. Thus no prepotential F˜ (X˜0, X˜1) exists. We
still have the same Ka¨hler manifold (5.1.7)-(5.1.10) ††, but with different couplings of the
scalar fields to the vectors and to the fermions.
In the following, we use the transformed section (5.1.11) and omit tilde :˜
XΛ =
1√
2
(
1
i
)
, FΛ =
1√
2
( −iz
z
)
. (5.1.12)
††The Ka¨hler potential K has been defined by the symplectic invariant way. Therefore, the Ka¨hler metric
and the Levi-Civita connection are same.
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For future reference, let us evaluate fΛz and hΛ|z. Substituting (5.1.7)-(5.1.11) into
(2.2.8), we obtain
fΛz = e
K/2(∂z + ∂zK)XΛ
= − 1√
2
(z + z¯)−3/2
(
1
i
)
, (5.1.13)
hΛ|z = eK/2(∂z + ∂zK)FΛ
=
1√
2
z¯(z + z¯)−3/2
( −i
1
)
. (5.1.14)
Furthermore, the covariant derivative of fΛz can be obtained by substituting (5.1.7)-(5.1.11)
into (2.2.14),
∇zfΛz = ∂zfΛz +
1
2
∂zKfΛz + ΓzzzfΛz
= 0. (5.1.15)
If we compare (5.1.15) with (2.2.16), we obtain
Czzz = 0. (5.1.16)
This is because F has been chosen as the simplest function.
5.1.2 Hypermultiplet
Before going to details, we must explain why one hypermultiplet is needed to break half
supersymmetry. This discussion is same for the U(N) gauged case in the next chapter.
If N = 2 local supersymmetry is broken to N = 1 spontaneously, one gravitino remains
massless but the other becomes massive by super-Higgs mechanism. So, it is important
to note that in addition to super-Higgs mechanism Higgs mechanism must occur. Since
N = 1 supersymmetry is manifest, the massive gravitino forms N = 1 massive multiplet
of spin (3/2, 1, 1, 1/2). Thus two gauge bosons, that is U(1) gauge boson and graviphoton,
must become massive by absorbing the scalar fields, in other words, Higgs mechanism must
happen so as to keep N = 1 supersymmetry. Therefore we need at least one hypermultiplet
and at least two U(1) translational isometries which provide Higgs mechanism.
In this chapter (and in the next chapter), we take the same parametrizations as those of
[12, 13, 19, 20]. The SU(2) connection ωx and the SU curvature (2.3.7) are parametrized
as,
ωxu =
1
b0
δxu, Ω
x
0u = −
1
2(b0)2
δxu, Ω
x
yz =
1
2(b0)2
ǫxyz. (5.1.17)
Furthermore, by using (2.3.20), the metric huv of this manifold is given by
huv =
1
2(b0)2
δuv. (5.1.18)
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In order to write down the fermion mass matrices and the supersymmetry transformation
laws, we also need the symplectic vielbein UαAu dbu (α,A = 1, 2). It leads:
UαA = 1
2b0
ǫαβ(db0 − iσxdbx) Aβ , (5.1.19)
where σx are the standard Pauli matrices ∗∗.
The metric (5.1.18) is invariant under arbitrary constant translations of the coordinates
b1, b2, b3 because it does not depend on b1, b2, b3. As we have seen above, in order for the
N = 2 supersymmetry to be broken partially, we have to gauge two of the isometries. Here
we choose the following translational isometries of two coordinates b2, b3 as the gauged
isometries:
b2 → b2 + ǫ2(g2 + g3), (5.1.20)
b3 → b3 + ǫ3g1, (5.1.21)
where g1, g2, g3,∈ R. The Killing vectors kuΛ which generate these isometries can be written
as follows:
ku0 = g1δ
u3 + g2δ
u2, (5.1.22)
ku1 = g3δ
u2, (5.1.23)
and the associated Killing potentials PxΛ for these vectors are
Px0 =
1
b0
(g1δ
x3 + g2δ
x2), (5.1.24)
Px1 =
1
b0
g3δ
x2. (5.1.25)
5.2 Partial supersymmetry breaking
In this section, we see that the local N = 2 supersymmetry is broken to N = 1 in the simple
model which has been given in the last section. This will be confirmed by the appearance of
a Nambu-Goldstone fermion: the fermion whose supersymmetry transformation on the vac-
uum is non-zero. Since the supersymmetry transformation laws of the fermions are mainly
written by the mass matrices, let us evaluate it here. By substituting the parametrizations
in the last section into (4.1.10)-(4.1.19), we have
SAB = − ie
K/2
2
√
2b0
(
ig2 + g3 g1
g1 ig2 + g3
)
, (5.2.1)
W zAB1 = 0, (5.2.2)
W zAB2 = −
eK/2√
2b0
(z + z¯)
(
g2 + ig3 ig1
ig1 g2 + ig3
)
, (5.2.3)
∗∗The notations are explained in appendix A.
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NAα =
ieK/2√
2b0
(
g1 −ig2 + g3
ig2 − g3 −g1
)
, (5.2.4)
Mαβ = ie
K/2
√
2b0
( −ig2 − g3 g1
g1 −ig2 − g3
)
, (5.2.5)
MαzB =
√
2ieK/2
b0
(z + z¯)−1
(
g1 ig2 + g3
−ig2 − g3 −g1
)
, (5.2.6)
M1;zA|zB = 0, (5.2.7)
M2;zA|zB = 0. (5.2.8)
where (5.2.8) comes from (5.1.15)
The scalar potential
The scalar potential V (z, z¯, b) is given by (4.1.9). If we substitute the parametrizations in
the last section into V , we have
V (z, z¯, b) = gzz
∗PxΛPxΣfΛz f¯Σz¯ + 4huvkuΛkvΣL¯ΛLΣ − 3PxΛPxΣL¯ΛLΣ
= 0, (5.2.9)
identically, for any value of g1, g2, g3 and also of z and b
u. In the following, suppose that
we choose one of the vacua, that is, we know the value of z at the vacuum and write the
vacuum expectation value of . . . as 〈. . .〉. In this model, we cannot determine the vacuum
expectation value of z. In the next chapter, the scalar potential takes the non-trivial form
and we can determine the value of z at the vacuum.
Supersymmetry transformations of the fermions
Using (5.2.1)-(5.2.4), the vacuum expectation values of the supersymmetry transformation
laws of the fermions (4.2.1)-(4.2.3) are
〈δψAµ〉 = i〈SAB〉γµǫB
= 〈 e
K/2
2
√
2b0
〉
(
ig2 + g3 g1
g1 ig2 + g3
)
γµ
(
ǫ1
ǫ2
)
, (5.2.10)
〈δλzA〉 = W zABǫB
= −〈e
K/2(z + z¯)√
2b0
〉
(
g2 + ig3 ig1
ig1 g2 + ig3
)(
ǫ1
ǫ2
)
, (5.2.11)
〈δζα〉 = NAα ǫA
= 〈e
iK/2
√
2b0
〉
(
g1 −ig2 + g3
ig2 − g3 −g1
)(
ǫ1
ǫ2
)
. (5.2.12)
If each matrix has one zero-eigenvalue, the supersymmetry transformation corresponding
to one direction is zero and that corresponding to another direction is non-zero, so we can
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see the N = 2 local supersymmetry is broken to N = 1. In order for each matrix to have
one zero-eigenvalue, we have to impose the following conditions on the coupling constants:
g2 = 0, g1 = ±g3. (5.2.13)
Notice that g1, g2, g3 ∈ R. In other words, when the conditions (5.2.13) are satisfied, N = 2
local supersymmetry is broken to N = 1.
In the following, we choose the coupling constants as follows,
g2 = 0, g1 = g3. (5.2.14)
Substituting (5.2.14) into (5.2.10)-(5.2.12),
〈δψAµ〉 = 〈 e
K/2
2
√
2b0
〉g1
(
1 1
1 1
)
γµ
(
ǫ1
ǫ2
)
, (5.2.15)
〈δλzA〉 = −〈 ie
K/2(z + z¯)√
2b0
〉g1
(
1 1
1 1
)(
ǫ1
ǫ2
)
, (5.2.16)
〈δζα〉 = 〈 ie
K/2
√
2b0
〉g1
(
1 1
−1 −1
)(
ǫ1
ǫ2
)
. (5.2.17)
If we define φ± = 1√2(φ1 ± φ2) where φ ∈ ψ, ζ, λ (the left or right chirality are denoted by
the upper or lower position of the index ±), their supersymmetry transformations on the
vacuum are
〈δψ+µ〉 = 〈 e
K/2
√
2b0
〉g1γµ(ǫ1 + ǫ2),
〈δλz+〉 = −〈
√
2ieK/2(z + z¯)
b0
〉g1(ǫ1 + ǫ2),
〈δζ−〉 = 〈
√
2ieK/2
b0
〉g1(ǫ1 + ǫ2),
〈δψ−µ〉 = 〈λz−〉 = 〈ζ+〉 = 0. (5.2.18)
As we will see in the next section, the gravitino ψ+µ becomes massive by the super-Higgs
mechanism, while ψ−µ remains massless. We define linear combinations of the fermions λz+
and ζ− such that
χ• ≡ −〈(z + z¯)−1〉λz+ + 2ζ−,
η• ≡ 〈(z + z¯)−1〉λz+ + ζ−, (5.2.19)
whose supersymmetry transformations on the vacuum are
〈δχ•〉 = 〈3
√
2ieK/2
b0
〉g1(ǫ1 + ǫ2),
〈δη•〉 = 0, (5.2.20)
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where the upper or lower position of dot represents left or right chirality respectively. Note
that we cannot make the expectation values of the supersymmetry transformations of all
the ( spin-1/2 ) fermions zero and only the supersymmetry transformations of the fermion
χ• takes the non-zero value. Thus, χ• is the Nambu-Goldstone fermion and the N = 2
supersymmetry is broken to N = 1.
5.3 The mass spectrum
5.3.1 Fermion mass
Let us discuss the occurrence of the super-Higgs mechanism. To see this, we have to evaluate
the fermion mass terms of the Lagrangian LYukawa (4.1.8).
LYukawa = −〈
√
2ig1e
K/2
b0
〉
(
ψ¯+µ γ
µνψ+ν − iχ¯•γµψµ+ +
1
3
χ¯•χ• − 1
3
η¯•η•
)
+ . . .+ h.c.
(5.3.1)
We can, also, confirm χ• is the Nambu-Goldstone fermion from the fact that it couples to
the gravitino ψ+µ in the second term. Such a field can be gauged away by a suitable gauge
transformation of the gravitino ψ+µ :
ψ+µ → ψ+µ +
i
6
γµχ•, (5.3.2)
which results in
LYukawa = −i〈
√
2g1e
K/2
b0
〉
(
ψ¯+µ γ
µνψ+ν −
1
3
η¯•η•
)
+ . . .+ h.c. (5.3.3)
The super-Higgs mechanism has occurred, that is, by absorbing the Nambu-Goldstone
fermion, the gravitino ψ+µ has acquired a mass.
The kinetic terms of the massive fermions in the Lkin (4.1.2) are
Lkin = ǫ
µνλσ
√−g ψ¯
A
µ γν∂λψAσ −
i
3
η¯•γµ∂µη• + . . . + h.c. (5.3.4)
It is easy to find the mass of the fermions by evaluating the equations of motion of them.
As a result, the gravitino mass m is
m = |〈
√
2g1e
K/2
b0
〉|. (5.3.5)
Notice that the mass of the physical fermion η• is the same as the gravitino, that is, m.
Therefore, we can anticipate that ψ+µ and η• form a N = 1 massive multiplet of spin
(3/2,1,1,1/2). On the other hand, λz−, together with the scalar fields, are expected to form
N = 1 massless chiral multiplet. To make sure, we must consider the masses of the gauge
bosons and the scalar fields.
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5.3.2 Boson mass
Let us consider the masses of the gauge bosons. They appear in the kinetic term of the
hypermultiplet scalar:
huv∇µbu∇µbv = 1
2(b0)2
δuv(∂µb
u +AΛµk
u
Λ)(∂
µbv +AΛµkvΛ)
=
1
2(b0)2
(
g21A
0
µA
0µ + g21A
1
µA
1µ + 2g1(A
0
µ∂
µb3 +A1µ∂
µb2)
)
+ . . . ,(5.3.6)
Furthermore the massless scalar fields b2, b3 can be eliminated from (5.3.6) by employing
the gauge transformations of A0µ, A
1
µ:
A0µ → A0µ −
1
g1
∂µb
3, A1µ → A1µ −
1
g1
∂µb
2. (5.3.7)
This is the ordinary Higgs mechanism and the scalar fields b2, b3 are the Nambu-Goldstone
bosons.
The gauge kinetic terms are 14(ImN )ΛΣFΛµνFΣµν , so we must compute the generalized
coupling matrix N (2.2.23):
N¯ΛΣ = hΛ|I ◦ (f−1)IΣ, (5.3.8)
with
hΛ|I =
(
M¯Λ hΛ|z
)
=
eK/2z¯√
2
(
i − iz+z¯
1 1z+z¯
)
, (5.3.9)
fΛI =
(
L¯Λ fΛz
)
=
eK/2√
2
(
1 − 1z+z¯
−i − iz+z¯
)
. (5.3.10)
Therefore, the matrix NΛΣ is
NΛΣ = −iz
(
1 0
0 1
)
. (5.3.11)
The kinetic terms of the gauge bosons are written as follows,
1
4
Im〈NΛΣ〉FΛµνFΣµν = −
1
4
〈e−K〉
2
F 0µνF
0µν − 1
4
〈e−K〉
2
F 1µνF
1µν . (5.3.12)
From (5.3.6) and (5.3.12), we can read off the masses of the gauge bosons. As a result, both
of them agree with (5.3.5), that is,
m = |〈
√
2g1e
K/2
b0
〉|. (5.3.13)
The U(1) gauge boson and the graviphoton have acquired the mass.
Since the scalar potential V is identically zero, there is no mass term of the vector
multiplet scalar z. Thus, all the scalar fields are massless.
We summarize the mass spectrum of our model in the table 5.1:
N = 1 gravity multiplet contains the vierbein eiµ and the gravitino ψ−µ . On the other hand,
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the massive gravitino ψ+µ , the U(1) gauge boson A
1
µ, the graviphoton A
0
µ and the fermion
η• form a massive spin-3/2 multiplet. The gaugino λz− and the complex scalar field z form
the massless chiral multiplet. The hyperino ζ+ and the scalar b
0, b1 form N = 1 chiral
multiplet. Note that the U(1) × U(1)graviphoton gauge symmetry is completely broken and
the vacuum lie in the Higgs phase.
N = 1 multiplet field mass
gravity multiplet eiµ, ψ
−
µ 0
spin-3/2 multiplet ψ+µ , A
0
µ, A
1, η• m
chiral multiplet λz−, z 0
chiral multiplet ζ+, b
0, b1 0
Table 5.1: the mass spectrum
5.4 Conclusion and discussion
We have seen that, in the N = 2 U(1) gauged supergravity model, the N = 2 supersymme-
try has been broken to N = 1 counterpart. The super-Higgs and the Higgs mechanisms are
observed: The Nambu-Goldstone fermion and the Nambu-Goldstone bosons are absorbed
by the gravitino and the gauge bosons respectively. Also the gauge symmetry is broken by
the Higgs mechanisms.
To make more realistic model, we have to consider non-Abelian gauge group. But, if
N = 2 local supersymmetry is broken to N = 1, by the Higgs mechanisms, the gauge
symmetry corresponding to the graviphoton and to one of the gauge bosons of the vector
multiplet sector have to be broken. Thus, it is desirable that the gauge symmetry of the
vector multiplet sector is U(1)× (non-Abelian). Indeed it has been showed that, in the case
of the U(1)×(compact group), partial supersymmetry breaking has occurred [14].
The model which we have used in this section is the simplest one because we have chosen
the holomorphic function F as the simple function. The resulting theory is the microscopic
(or bare) theory. This leads to the following question; Does partial supersymmetry breaking
occur in N = 2 effective theory ? We will answer the question in the next chapter: we will
use U(N) gauged effective model by keeping F general holomorphic function.
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Chapter 6
Partial supersymmetry breaking in
the N = 2 U(N ) gauged model
In this chapter, we will see that, in the N = 2 supergravity model which includes a U(N) †
vector multiplet and a hypermultiplet, the N = 2 supersymmetry is broken to N = 1 spon-
taneously with keeping the SU(N) gauge symmetry manifest [20]. This is a generalization
of the model which we have reviewed in the last chapter. We do not set the section as the
simplest function here. It leads to the effective theory which contains higher order coupling
terms of the scalar fields. In this sense, it is not simple generalization.
The organization is parallel to that of the chapter 5. First of all, the parametrizations of
the vector multiplet and hypermultiplet are given in section 6.1. In section 6.2, we observe
that the N = 2 local supersymmetry is broken to N = 1 spontaneously. The mass spectrum
is computed in section 6.3 and the resulting N = 1 Lagrangian is obtained in section 6.4.
Finally, in section 6.5, we summarize the results.
6.1 N = 2 U(N) gauged supergravity model
6.1.1 U(N) vector multiplet
The vector multiplets contain the complex scalar fields za. The index a = 1, . . . , N2 label
the U(N) gauge group and N2 refers to the overall U(1). For simplicity, we write N2 = n
below. We start from the case where the holomorphic prepotential F (X0,Xa) exists. The
prepotential F (X0,Xa) can be written,
F (X0,Xa) = (X0)2F(Xa/X0). (6.1.1)
By taking the XΛ (Λ = 0, 1 . . . , n) derivative of F , we obtain
F0 = 2X
0F(Xb/X0)−Xa ∂
∂(Xa/X0)
F(Xb/X0),
Fa = X
0 ∂
∂(Xa/X0)
F(Xb/X0). (6.1.2)
†To be precise, the gauge symmetry is U(N)×U(1). The U(1) gauge group comes from the graviphoton.
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It is natural to choose the upper part of the holomorphic section, XΛ(z), as
X0(z) =
1√
2
, Xa(z) =
1√
2
za, (6.1.3)
which leads to
F0(z) =
1√
2
(
2F(z) − za ∂F(z)
∂za
)
,
Fa(z) =
1√
2
∂F(z)
∂za
. (6.1.4)
where we have defined ∂a = ∂/∂z
a. We keep F(z) general function for a moment.
Let us perform the symplectic rotation which is similar to that in the last chapter. We
rotate the overall U(1) part, that is, Xn → −Fn and Fn → Xn. As a result, the holomorphic
sections are
X0(z) =
1√
2
, F0(z) =
1√
2
(
2F(z) − za ∂F(z)
∂za
)
,
X aˆ(z) =
1√
2
zaˆ, Faˆ(z) =
1√
2
∂F(z)
∂zaˆ
, (6.1.5)
Xn(z) =
1√
2
∂F(z)
∂zn
, Fn(z) = − 1√
2
zn,
where the index aˆ = 1, . . . , n− 1, label the SU(N) subgroup. Our choice of sections is such
that no holomorphic prepotential exists.
With this choice, Ka¨hler potential and its derivatives are
K = − logK0, (6.1.6)
K0 = i
(
F − F¯ − 1
2
(za − z¯a)(Fa + F¯a)
)
(6.1.7)
∂aK = − i
2K0
(Fa − F¯a − (zc − z¯c)Fac) , (6.1.8)
where Fa = ∂F/∂za. The Ka¨hler metric and the Levi-Civita connection are
gab∗ = ∂a∂b∗K
= ∂aK∂b∗K − i
2K0 (Fab − F¯ab), (6.1.9)
Γabc = −gad
∗
∂cgbd∗
= −δab ∂cK − δac ∂bK +
1
K0 g
ad∗(∂b∂cK0∂d∗K + ∂b∂c∂d∗K0). (6.1.10)
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Furthermore, by using (2.2.16) and (6.1.10), ∇af0b and ∇afnb are evaluated as follows,
∇af0b ≡
ieK/2√
2
Cabcg
cd∗∂d∗K
≡ ∂af0b + Γcabf0c +
1
2
∂aKf0b (6.1.11)
=
eK/2√
2
(
∂a∂bK − ∂aK∂bK + 1K0 g
cd∗(∂a∂bK0∂d∗K + ∂a∂b∂d∗K0)∂cK
)
,
∇afnb ≡
ieK/2√
2
Cabcg
cd∗(F¯nd + ∂d∗KF¯n)
≡ ∂afnb + Γcabfnc +
1
2
∂aKfnb
=
eK/2√
2
(Fnab − ∂aK∂bKFn + ∂a∂bKFn)
+
eK/2√
2K0
gcd
∗
(∂a∂bK0∂d∗K + ∂a∂b∂d∗K0) (Fnc + ∂cKFn). (6.1.12)
These equations will be used in the analysis of the scalar potential.
U(N) gauging
In order to gauge the vector multiplets, we define the Killing vectors as follows,
kca∂c = f
c
abz
b∂c, k
c∗
a ∂¯c∗ = f
c
abz¯
b∗ ∂¯c∗ , (6.1.13)
where fabc is the structure constant of the U(N) gauge group satisfying
[ta, tb] = if
c
abtc. (6.1.14)
In this way, for example, the covariant derivative of the scalar fields can take the standard
form;
∇µza = ∂µza +AΛµkaΛ
= ∂µz
a + fabcA
b
µz
c. (6.1.15)
Note that these Killing vectors satisfy
0 = LΛK = kbΛ∂bK + kb
∗
Λ ∂b∗K. (6.1.16)
6.1.2 Hypermultiplet
We take the same parametrizations as those of the section 5.1.2. Since in order for N = 2
supersymmetry to be broken partially, as we have seen in the last chapter, two gauge boson
have to be massive by the Higgs mechanism, let the overall U(1) gauge boson and the
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graviphoton be the gauge bosons which become massive. For this purpose, we generalize
(5.1.22)-(5.1.25) as follows,
ku0 = g1δ
u3 + g2δ
u2, kuaˆ = 0, k
u
n = g3δ
u2,
Px0 =
1
b0
(g1δ
x3 + g2δ
x2), Pxaˆ = 0, Pxn =
1
b0
g3δ
x2, (6.1.17)
6.2 Partial supersymmetry breaking
In order to write down the supersymmetry transformations of the fermions, let us evalu-
ate the mass matrices here. Substituting (6.1.6)-(6.1.9), (6.1.13) and the hypermultiplet
parametrizations into (4.1.10)-(4.1.19), we have
SAB = − ie
K/2
2
√
2b0
(
i(g2 + g3Fn) g1
g1 i(g2 + g3Fn)
)
, (6.2.1a)
W aAB1 = −ieK/2Da
(
0 1
−1 0
)
, (6.2.1b)
W aAB2 =
eK/2√
2b0
gab
∗
(
g2∂b∗K+g3(F¯nb+∂b∗KF¯n) ig1∂b∗K
ig1∂b∗K g2∂b∗K+g3(F¯nb+∂b∗KF¯n)
)
, (6.2.1c)
NAα =
ieK/2√
2b0
(
g1 −i(g2 + g3F¯n)
i(g2 + g3F¯n) −g1
)
, (6.2.1d)
Mαβ = ie
K/2
√
2b0
( −i(g2 + g3Fn) g1
g1 −i(g2 + g3Fn)
)
, (6.2.1e)
MαbB = −
√
2ieK/2
b0
(
g1∂aK i(g2∂aK+g3(Fna+∂aKFn))
−i(g2∂aK+g3(Fnb+∂aKFn)) −g1∂aK
)
, (6.2.1f)
M1;aA|bB = −
ieK/2
2
gac∗(∂b + ∂bK)Dc
(
0 1
−1 0
)
, (6.2.1g)
M2;aA|bB = −
1
2b0
(
g2∇bf0a+g3∇bfna −ig1∇bf0a
−ig1∇bf0a g2∇bf0a+g3∇bfna
)
(6.2.1h)
=
ieK/2
2
√
2
Cabcg
cd∗
(
g2∂b∗K+g3(F¯nb+∂b∗KF¯n) −ig1∂b∗K
−ig1∂b∗K g2∂b∗K+g3(F¯nb+∂b∗KF¯n)
)
, (6.2.1i)
where we have introduced,
Da = i√
2
fabcz¯
b∗zc. (6.2.2)
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6.2.1 The scalar potential
By the gauging of hypermultiplet, the scalar potential V takes a nontrivial form:
V (z, z¯, b) = eKgab∗DaDb + e
K
(b0)2
gab
∗
DxaD¯
x
b∗
− e
K
2(b0)2
(Ex +MxFn)(Ex +MxF¯n), (6.2.3)
with
Dxa =
1√
2
(Ex∂aK+Mx(Fna + ∂aKFn)) , (6.2.4)
Ex = (0, g2, g1),
Mx = (0, g3, 0).
The first term comes from U(N) gauging of the vector multiplet, while the second and
the last terms correspond to gauging of the hypermultiplet. Note that this potential is
quite different from what we have seen in the last chapter. If we choose F as the simplest
function of the holomorphic sections XΛ, we obtain flat potential and cannot determine the
expectation values of the scalar fields. On the other hand, in our model, we can obtain it
by determining the minimum of the potential.
Let us find the conditions which minimize the potential. Firstly, let us consider the
variation of V with respect to the scalar field za. The derivative of the second and the last
terms of V is
∂a
(
eK
(b0)2
gab
∗
DxaD¯
x
b∗ −
eK
2(b0)2
(Ex +MxFn)(Ex +MxF¯n)
)
=
eK
(b0)2
(
(∂aK)gbc∗Dxb D¯xc∗ + (∂agbc
∗
)Dxb D¯
x
c∗ + g
bc∗(∂aD
x
b )D¯
x
c∗
)
=
eK
(b0)2
gbc
∗
D¯xc∗
(
∂aD
x
b − (∂bK)Dxa +
1
K0 g
ed∗(∂a∂bK0∂d∗K+ ∂a∂b∂d∗K0)Dxe
)
=
ieK
(b0)2
Cabcg
bd∗D¯xd∗g
ce∗D¯xe∗ , (6.2.5)
where we have used (6.1.12) and (6.1.12) in the last equality. Thus, the condition which
minimizes the potential is
0 = 〈∂cV 〉 = 〈∂c
(
eKgab∗DaDb
)
〉+ 〈 e
K
(b0)2
iCacdg
ab∗D¯xb∗g
de∗D¯xe∗〉, (6.2.6)
Of course, we must consider the variation with respect to the hypermultiplet scalar fields
bu. Since V contains only b0, it is straightforward to compute the derivative in terms of b0.
The condition which determines the vacuum is
0 = 〈 ∂V
∂bu
〉 = − e
K
(b0)3
〈2gab∗DxaD¯xb∗ − (Ex +MxFn)(Ex +MxF¯n)〉δu0. (6.2.7)
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The holomorphic function F
Since we would like to keep SU(N) gauge symmetry manifest, we will work on the condition
〈za〉 = δanλ. Then 〈Da〉 = 〈 i√
2
fabcz¯
b∗zc〉 = 0 holds. Thus we have 〈∂c(eKgab∗DaDb)〉 = 0.
Moreover, we assume a form of the gauge invariant function F(z), which parallels that of
[9], as
F(z) = − iC
2
(zn)2 + G(z), (6.2.8)
G(z) =
k∑
l=0
Cl
l!
tr(zata)
l, (6.2.9)
where C ∈ R is constant. We will see that C must be non-zero in order for the inverse of
the Ka¨hler metric to exist.
Let us compute the expectation values of some geometrical quantities. Firstly, the
expectation value of the derivative of F is
〈Fa〉 = δan〈Fn〉,
〈Fna〉 = δan〈Fnn〉,
〈Faˆbˆ〉 = δaˆbˆ〈Fnn − iC〉,
〈Fnab〉 = δab〈Fnnn〉, (6.2.10)
where the explicit forms of 〈Fn〉 and 〈Fnn〉 are
〈Fn〉 =
∑
l
Cl
(l − 1)!λ
l−1 + iCλ,
〈Fnn〉 =
∑
l
Cl
(l − 2)!λ
l−2. (6.2.11)
It is easy to compute the expectation value of ∂aK by using (6.1.8):
〈∂aK〉 = − i〈e
K〉
2
〈Fa − F¯a − (λ− λ¯)Fan〉
= δan〈∂nK〉. (6.2.12)
Furthermore, the vacuum expectation value of the Ka¨hler metric gab (6.1.9) can be evaluated
as follows:
〈gab∗〉 =

〈g11∗〉
〈g11∗〉 0
. . .
. . .
0 〈gnn〉
 , (6.2.13)
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with
〈g11∗〉 = − i〈e
K〉
2
〈Fnn − F¯nn − 2iC〉,
〈gnn〉 = |〈∂nK〉|2 − i〈e
K〉
2
〈Fnn − F¯nn〉. (6.2.14)
Note that only the diagonal components are non-zero and these take the same value except
for 〈gnn〉. Finally, we have to compute 〈Dxa〉 and 〈Cabc〉 by using the above equations;
〈Dxa〉 = δan
1√
2
〈Ex∂aK+Mx(Fna + ∂aKFn)〉,
= δan〈Dxn〉
〈Cabc〉 = 〈e
K〉
2
〈Fabc〉. (6.2.15)
6.2.2 Vacuum conditions
Now we are ready to analyze (6.2.6) and (6.2.7). Substituting (6.2.10)-(6.2.15) into (6.2.6),
we obtain
0 = 〈 ie
2K
2(b0)2
Fnnngnn∗D¯xn∗gnn
∗
D¯xn∗〉. (6.2.16)
The points 〈Fnnn〉 = 0 are unstable vacua because 〈∂a∂b∗V 〉 = 0. Also, the points which
satisfy 〈gnn∗〉 = 0 and 〈∂nK〉 = 0 are not stable. Thus, the vacuum condition reduces to
〈D¯xn∗D¯xn∗〉 = 0, (6.2.17)
which implies 〈
Fn + Fnn
∂nK
〉
= −
(
g2
g3
± ig1
g3
)
. (6.2.18)
where we use 〈〈...〉〉 for those vacuum expectation value which are determined as the solutions
to (6.2.17). We have also assumed g3 6= 0. Note that if g3 = 0, (6.2.17) leads to g1 = g2 = 0
and the supersymmetry is unbroken. We are not interested in such a case.
By using (6.2.18), the second condition (6.2.7) leads to
0 =
〈〈
(Ex +MxFn)(Ex +MxF¯n)− 2gab∗DxaD¯xb∗
〉〉
=
∣∣∣∣g1 ∓ ig3〈 Fnn∂nK
〉∣∣∣∣2 + g21 − 〈〈gnn∗ |∂nK|2〉〉 2g21 . (6.2.19)
It can be shown that this condition (6.2.19) leads to 〈Fnn〉 = 0: If 〈〈Fnn〉〉 = 0, (6.2.19) is
automatically satisfied. Thus, let us consider the case 〈Fnn〉〉 6= 0 and prove that it conflicts
with the assumption, g3 6= 0. We write Fnn as
Fnn = F1 + iF2, (6.2.20)
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where F1, F2 ∈ R. From (6.2.12), (6.2.14) and (6.2.18), by using F1 and F2, we obtain
〈gnn∗〉〉 =
〈〈|∂nK|2〉〉+ F2〈〈K0〉〉 , (6.2.21)
〈〈∂nK + ∂n∗K〉〉 = i〈〈K0〉
(〈 Fnn
∂nK −
F¯nn
∂n∗K
〉
± 2ig1
g3
+ (λ− λ¯)F1
)
, (6.2.22)
〈〈∂nK − ∂n∗K〉〉 = 1〈〈K0〉 (λ− λ¯)F2. (6.2.23)
Then the condition (6.2.19) can be written as
0 = 2g21 − 2g21
〈〈
gnn
∗ |∂nK|2
〉〉
∓ iY g1g3 + g23
〈
| Fnn
∂nK|
2
〉
, (6.2.24)
where we have defined Y as
Y ≡
〈 Fnn
∂nK −
F¯nn
∂n∗K
〉
=
1
〈〈|∂nK|2〉〉
[
F1 〈∂nK − ∂n∗K〉〉 − F2〈〈K0〉〉
(
Y ± 2ig1
g3
+ (λ− λ¯)F1
)]
. (6.2.25)
In the second equality, we have used (6.2.22). Using (6.2.21), we can solve the above
equation for Y :
Y 〈gnn∗〉〉 = ∓ F2〈〈K0〉 2i
g1
g3
. (6.2.26)
Substituting (6.2.26) into (6.2.24), we get
0 = 2g21 − 2g21
〈〈
gnn
∗ |∂nK|2
〉〉
− 2g21
〈
gnn
∗ F2
〈〈K0〉〉
〉
+ g23
〈
| Fnn
∂nK|
2
〉
= g23
〈
| Fnn
∂nK|
2
〉
, (6.2.27)
where we have used (6.2.21). Therefore, we conclude that when 〈Fnn〉〉 6= 0, the vacuum
condition leads to g3 = 0. This conflicts with the assumption which is written in below
(6.2.18). Thus, we can say that the second vacuum condition implies
〈〈Fnn〉 = 0. (6.2.28)
In the rigid theory [8, 9], the second vacuum condition is not needed, because there is no
hypermultiplet in the model. In fact, we will see later that N = 2 local supersymmetry is
not broken partially without the second vacuum condition.
In the following, we choose the vacuum condition as
〈〈Fn〉 = −
(
g2
g3
+ i
g1
g3
)
. (6.2.29)
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With this, we can evaluate the expectation value of ∂aK and gab∗ such that
〈〈∂aK〉〉 = −δan
〈〈
eK
〉〉 g1
g3
,
〈g11∗〉〉 = −
〈〈
eK
〉〉
C,
〈gnn∗〉〉 = | 〈〈∂nK〉〉 |2 =
〈〈
e2K
〉〉(g1
g3
)2
. (6.2.30)
Note that C = 0 is necessary for the Ka¨hler metric to be invertible.
6.2.3 Supersymmetry transformations of the fermions
Let us compute the vacuum expectation values of the mass matrices. Substituting (6.2.29)-
(6.2.30) into the mass matrices (6.2.1a)-(6.2.1i),
〈〈SAB〉〉 = −
〈
ieK/2
2
√
2b0
g1
〉 (
1 1
1 1
)
, (6.2.31)
〈〈
W aAB2
〉〉
= δan
〈
ieK/2√
2b0
(∂nK)−1g1
〉 (
1 1
1 1
)
, (6.2.32)
〈〈
NAα
〉〉
=
〈
ieK/2√
2b0
g1
〉 (
1 1
−1 −1
)
, (6.2.33)
〈〈
Mαβ
〉〉
=
〈
ieK/2√
2b0
g1
〉 ( −1 1
1 −1
)
, (6.2.34)
〈〈MαaB〉〉 = −
〈 √
2ieK/2
b0
g1∂aK
〉 (
1 1
−1 −1
)
, (6.2.35)
〈〈M2;aA|bB〉〉 =
〈
eK/2
2
√
2b0
g1Cabcg
cd∗∂d∗K
〉 ( −1 1
1 −1
)
. (6.2.36)
Notice that each matrix has a zero eigenvalue. The expectation values of the supersymmetry
transformations of the fermions are
〈δψ+µ〉〉 =
〈
ieK/2
2b0
g1
〉
γµ(ǫ1 + ǫ2),
〈〈
δλa+
〉〉
= δan
〈
ieK/2
b0
g1(∂nK)−1
〉
(ǫ1 + ǫ2),
〈δζ−〉〉 =
〈
ieK/2
b0
g1
〉
(ǫ1 + ǫ2),
〈δψ−µ〉〉 =
〈〈
λa−
〉〉
= 〈〈ζ+〉〉 = 0. (6.2.37)
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Note that only the supersymmetry transformations of ψ+µ , λ
n+ and ζ− at the vacuum are
non-zero. Furthermore, quite similar to the last chapter, we define linear combination of
the fermions, λn+ and ζ− as
χ• = 〈〈∂nK〉〉λn+ + 2ζ−,
η• = −〈〈∂nK〉〉λn+ + ζ−, (6.2.38)
whose supersymmetry transformations are
〈〈δχ•〉 =
〈
3ieK/2
b0
g1
〉
(ǫ1 + ǫ2),
〈〈δη•〉 = 0. (6.2.39)
Therefore, the fermion χ• is the Nambu-Goldstone fermion.
6.3 The mass spectrum
6.3.1 Fermion mass
Let us consider the fermion mass spectrum. By substituting (6.2.31)-(6.2.36) into LYukawa,
we obtain
LYukawa = −i
〈 √
2eK/2
b0
g1
〉 (
ψ¯+µ γ
µνψ+ν − iχ¯γµψµ+ +
1
3
χ¯•χ• − 1
3
η¯•η•
)
+
1
2
√
2
〈
eK/2
b0
g3Faan
〉
λ¯a−λa− + . . .+ h.c., (6.3.1)
The Nambu-Goldstone fermion χ• couples to the gravitino ψ+µ in the second term and we
can remove it from the action by redefining the gravitino such that,
ψ+µ → ψ+µ +
i
6
γµχ•, (6.3.2)
which results in
LYukawa = −i
〈 √
2eK/2
b0
g1
〉 (
ψ¯+µ γ
µνψ+ν −
1
3
η¯•η•
)
+
1
2
√
2
n∑
a=1
〈
eK/2
b0
g3Faan
〉
λ¯a−λa−
+ . . .+ h.c. . (6.3.3)
The gravitino ψ+ has acquired a mass by the super-Higgs mechanism.
The kinetic terms of the massive fermions are
Lkin = ǫ
µνλσ
√−g ψ¯
A
µ γν∂λψAσ −
i
3
η¯•γµ∂µη• − i
n∑
a=1
〈〈gaa∗〉〉 λ¯a−γµ∂µλa∗− + . . . + h.c. (6.3.4)
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It is easy to find the mass of the fermions by evaluating the equations of motion. The
gravitino mass m and the masses of the gauginos ma are
m =
∣∣∣∣∣
〈 √
2eK/2
b0
g1
〉∣∣∣∣∣ ,
ma =
∣∣∣∣∣
〈
eK/2√
2b0
g3Faangaa∗
〉∣∣∣∣∣ . (6.3.5)
Notice that the mass of the physical fermion η• is the same as the gravitino, that is, m. We
can expect that ψ+µ and η• form a N = 1 massive multiplet of spin (3/2,1,1,1/2). On the
other hand, λa−, together with the scalar fields, form N = 1 massive chiral multiplet. To
make sure, we must consider the masses of the gauge bosons and the scalar fields.
6.3.2 Boson mass
Let us compute the masses of the scalar fields. If we define the fluctuations from the
expectation value of the scalar fields as the new scalar fields z˜a, that is, z˜a = za−〈〈za〉〉. the
scalar potential can be expanded as,
V = 〈〈V 〉〉+ 〈〈∂a∂b∗V 〉〉 z˜a ¯˜zb∗ + 1
2
〈〈∂a∂bV 〉 z˜az˜b + 1
2
〈〈∂a∗∂b∗V 〉〉 ¯˜za∗ ¯˜zb∗ + . . . . (6.3.6)
where we use the fact that first derivative of V is zero by the vacuum condition. The second
derivative can be easily evaluated,
〈〈∂a∂b∗V 〉 =
〈
2ieK
(b0)2
Cacdg
ce∗(∂b∗D¯
x
e∗)g
df∗D¯xf∗
〉
= δab
〈
eK
2(b0)2
|g3Faan|2gaa∗
〉
,
〈∂a∂bV 〉 = 〈〈∂a∗∂b∗V 〉〉 = 0. (6.3.7)
Thus, the kinetic terms and the mass terms of the scalar fields z˜a are
∑
a
(
〈gaa∗〉〉 ∂µz˜a∂µ ¯˜za∗ −
〈
eK
2(b0)2
|g3Faan|2gaa∗
〉
z˜a ¯˜za
∗
)
. (6.3.8)
We can see the mass of z˜a is the same as (6.3.5), namely, the mass of gaugino λa−. Therefore,
as we have anticipated, they form N2 massive chiral multiplets.
The gauge boson masses appear in the kinetic terms of the hypermultiplet scalars:
huv∇µbu∇µbv = 1
2(b0)2
δuv(∂µb
u +AΛµk
u
Λ)(∂
µbv +AΛµkvΛ)
=
1
2(b0)2
(g21A
0
µA
0µ + g23A
′n
µ A
′nµ) + . . . , (6.3.9)
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where we have defined the gauge boson A′nµ as
A′nµ = A
n
µ +
(
g2
g3
)
A0µ. (6.3.10)
Since the kinetic terms of the gauge bosons are 14 (ImN )ΛΣFΛµνFΣµν , we must compute the
generalized coupling matrix N (2.2.23) on the vacuum:
〈〈NΛΣ〉〉 =

〈N00〉〉 0 · · · · · · 0 〈〈N0n〉〉
0 〈〈G11〉〉 0 · · · 0 0
... 0 〈〈G22〉〉
...
...
...
...
. . . 0
...
0 0 · · · 0 〈〈Gn−1,n−1〉〉 0
〈〈Nn0〉〉 0 · · · · · · 0 〈〈Nnn〉

, (6.3.11)
with
Im 〈〈N00〉〉 =
〈
e−K
2
〉
g21 + g
2
3
g21
,
Im 〈〈N0n〉〉 = Im 〈〈Nn0〉 =
〈
e−K
2
〉
g2g3
g21
,
Im 〈Nnn〉〉 =
〈
e−K
2
〉 (
g3
g1
)2
. (6.3.12)
Therefore the gauge boson kinetic terms are
1
4
Im 〈〈NΛΣ〉〉FΛµνFΣµν = −
〈
e−K
8
〉
F 0µνF
0µν −
〈
e−K
8
〉 (
g3
g1
)2
F ′nµνF
′nµν
+
1
4
∑
aˆ
Im 〈〈Gaˆaˆ〉〉F aˆµνF aˆµν , (6.3.13)
where we have defined F ′µν = ∂µA′ν − ∂νA′µ. We can read off the masses of gauge boson
A0µ and A
′n
µ from (6.3.9) and (6.3.13). As a result, both of them agree with (6.3.5). Thus
the U(N)×U(1)graviphoton gauge symmetry is broken to SU(N) and the vacuum lies in the
Higgs phase.
We summarize the mass spectrum of our model in the table 6.1:
N = 1 gravity multiplet contains the vierbein and the gravitino ψ−µ , and the massive
gravitino ψ+µ , U(1) gauge boson A
′n
µ , the graviphoton A
0
µ and the fermion η• form a massive
spin-3/2 multiplet. The N = 2 vector multiplets have been divided into N = 1 vector
multiplets and chiral multiplets. N = 1 vector multiplets described by massless gauge
bosons Aaˆµ and gauginos λ
aˆ+ which become to SU(N) vector multiplet. On the other hand,
the gaugino λaˆ− and the scalar field zaˆ form chiral multiplets which belong to the SU(N)
adjoint representation. The gaugino λn− and the complex scalar zn form a N = 1 massive
chiral multiplet. Also the hyperino ζ+ and the scalar b
0, b1 form a chiral multiplet. Note
that althouh this mass spectrum is analogous to the rigid counterpart [10], the phase of the
theory is different: our vacuum lies in the Higgs phase, while the rigid one in the Coulomb
phase.
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N = 1 multiplet field mass
gravity multiplet eiµ, ψ
−
µ 0
spin-3/2 multiplet ψ+µ , A
0
µ, A
′n
µ , η• m
SU(N) vector multiplet Aaˆµ, λ
aˆ+ 0
SU(N) adjoint chiral multiplet λaˆ−, zaˆ maˆ
chiral multiplet λn−, zn mn
chiral multiplet ζ+, b
0, b1 0
Table 6.1: the mass spectrum
6.4 N = 1 Lagrangian
In the last section, we have considered the lowest order terms with respect to the fermion
fields and the shifted scalar fields z˜a. Now, we would like to know all of the terms in LYukawa
and V . This can be done exactly and, at the end of this section, we will see that N = 1
Lagrangian can be written by the superpotentials.
In terms of z˜a, the holomorphic function F(z) is expanded as,
F(z) = F(〈〈z〉〉+ z˜) (6.4.1)
= 〈F〉〉+ F˜ ,
where
F˜ = 〈〈Fa〉〉 z˜a + 1
2!
〈〈Fab〉 z˜az˜b + 1
3!
〈〈Fabc〉〉 z˜az˜bz˜c + . . . . (6.4.2)
Similarly, Fa and Fab are
Fa = 〈Fa〉〉+ 〈〈Fab〉〉 z˜b + 1
2!
〈〈Fabc〉〉 z˜bz˜c + . . . . (6.4.3)
= F˜a,
Fab = 〈Fab〉〉+ 〈〈Fabc〉〉 z˜c + . . . . (6.4.4)
= F˜ab.
We have redefined F˜a and F˜ab as the derivative of F˜ with respect to z˜a. The Ka¨hler
potential, its derivative and the Ka¨hler metric are, respectively,
K = − log i
[〈〈F − F¯〉〉+ F˜ − ¯˜F − 1
2
(〈〈za − z¯a〉 + za − z¯a)(F˜a + ¯˜Fa)
]
, (6.4.5)
∂aK = − i
2K0 (F˜a −
¯˜Fa − (〈〈za − z¯a〉〉+ za − z¯a)F˜ab) (6.4.6)
= ∂˜aK,
gab∗ = ∂˜aK∂˜b∗K − i
2K0 (F˜ab −
¯˜Fab)
= g˜ab∗ , (6.4.7)
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where ∂˜a = ∂/∂z˜
a. In this way, we can write down all the terms in the Lagrangian in terms
of the new scalar field z˜a. In the following, let us see several terms of the Lagrangian.
The Yukawa interaction terms
The Yukawa interaction terms LYukawa can be easily rewritten with these notations. First
of all, we define the following quantities,
W(z˜, ¯˜z) ≡ eK/2W (z˜) ≡ 2(S11 − S12) = e
K/2
√
2b0
g3(F˜n − 〈〈Fn〉 ), (6.4.8)
S(z˜, ¯˜z) ≡ eK/2S(z˜) ≡ 2(S11 + S12) = e
K/2
√
2b0
(2g2 + g3(F˜n + 〈〈Fn〉〉)), (6.4.9)
where SAB is the gravitino mass matrix. Note that W and S are related as follows:
W = S + i
√
2g1e
K/2
b0
. (6.4.10)
Thus they are not independent. However, in the following, for convenience, we will write
down the resulting Lagrangian, using both W, S.
The first term of LYukawa is rewritten in terms of W and S as
2SABψ¯
A
µ γ
µνψBν = Wψ¯−µ γµνψ−ν + Sψ¯+µ γµνψ+ν . (6.4.11)
Thus, we refer toW and S as superpotentials. Since the usual † N = 1 supergravity models
coupled to chiral multiplets contain one gravitino, there is only one superpotential. But,
in this N = 1 model obtained through the partial supersymmetry breaking, there are two
gravitini. Therefore there exist two superpotentials which are related by eq. (6.4.10).
The covariant derivatives of W and that of S are respectively
∇˜aW = e
K/2
√
2b0
g3(F˜na + ∂˜aKF˜n − ∂˜aK 〈Fn〉〉)
= gab∗(W¯
b∗
2;11 − W¯ b
∗
2;12), (6.4.12)
∇˜aS = e
K/2
√
2b0
(2g2∂˜aK+ g3(F˜na + ∂˜aKF˜n + ∂˜aK 〈〈Fn〉〉))
= gab∗(W¯
b∗
2;11 + W¯
b∗
2;12), (6.4.13)
and the second derivatives of them are evaluated as,
∇˜a∇˜bW =
√
2(M2;a1|b1 −M2;a1|b2), (6.4.14)
∇˜a∇˜bS =
√
2(M2;a1|b1 +M2;a1|b2), (6.4.15)
†For example, [39] or [40, 41].
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where W¯ b
∗
AB = (W
bAB)∗. This can be used to rewrite the second term and the last term of
LYukawa:
igab∗W
aABλ¯b
∗
A γµψ
µ
B = e
K/2g˜ab∗Da(λ¯b∗− γµψµ+ − λ¯b
∗
+ γµψ
µ
−)
+ i ¯˜∇a∗W¯ λ¯b∗− γµψµ− + i ¯˜∇a∗ S¯λ¯b
∗
+ γµψ
µ
+, (6.4.16)
MaA|bBλ¯aAλbB = M1;a1|b2(λ¯a−λb+ − λ¯a+λb−)
+
1√
2
∇˜a∇˜bWλ¯a−λb− + 1√
2
∇˜a∇˜bSλ¯a+λb+. (6.4.17)
In this way, we can evaluate all the terms of LYukawa. As a result, we obtain
LYukawa = Wψ¯−µ γµνψ−ν + i( ¯˜∇a∗W¯λ¯a
∗
− − 2W¯ ζ¯+)γµψµ− − eK/2g˜ab∗Daλ¯b
∗
+ γµψ
µ
−
+Sψ¯+µ γµνψ+ν + i( ¯˜∇a∗ S¯λ¯a
∗
+ + 2S¯ ζ¯−)γµψµ+ + eK/2g˜ab∗Daλ¯b
∗
− γµψ
µ
+
+W ζ¯+ζ+ + S ζ¯−ζ− − 2∇˜aW ζ¯+λa− + 2∇˜aS ζ¯−λa+ (6.4.18)
+M1;a1|b2(λ¯a−λb+ − λ¯a+λb−) +
1√
2
∇˜a∇˜bWλ¯a−λb− + 1√
2
∇˜a∇˜bSλ¯a+λb+.
Note that if we substitute z˜a = 0 into LYukawa, it reduces to the fermion mass terms which
have been obtained in the last section.
The scalar potential
We turn to the scalar potential V . It is useful to rewrite it in terms of the mass matrices
as
V = −12S¯1ASA1 + g˜ab∗W¯ b∗1AW a1A + 2N¯α1 N1α. (6.4.19)
which is also obtained from the supergravity Ward identities in reference [42]. Note that
S¯AB = (SAB)
∗ and N¯αA = (N
A
α )
∗.
Let us rewrite (6.4.19) in terms of the superpotentials. The first term is
− 12S¯1ASA1 = −6((S11 − S12)(S¯11 − S¯12) + (S11 + S12)(S¯11 + S¯12))
= −3
2
(|W|2 + |S|2), (6.4.20)
and the second term is
g˜ab∗W¯
b∗
1AW
a1A = g˜ab∗
(
W¯ b
∗
1;12W
a12
1 + W¯
b∗
2;11W
a11
2 + W¯
b∗
2;12W
a12
2
)
= eKg˜ab∗DaDb + 1
2
g˜ab
∗∇˜aW ¯˜∇aW¯ + 1
2
g˜ab
∗∇˜aS ¯˜∇aS¯. (6.4.21)
In the first equality, we have used (6.1.16). The last term is
2N¯α1 N
1
α = |W|2 + |S|2
=
1
2
huv∇uW∇vW¯ + 1
2
huv∇uS∇vS¯, (6.4.22)
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where u, v = 0, 1 and huv ≡ δuv/2(b0)2. Note that ∇uW = ∂uW. Substituting (6.4.20)-
(6.4.22) into (6.4.19), we have
V = eK/2gab∗DaDb + 1
2
g˜ab
∗∇˜aW ¯˜∇aW¯ + 1
2
g˜ab
∗∇˜aS ¯˜∇aS¯
−3
2
|W|2 − 3
2
|S|2 + 1
2
huv∇uW∇vW¯ + 1
2
huv∇uS∇vS¯. (6.4.23)
This is the final form of the scalar potential. We can see that LYukawa and the scalar
potential V takes essentially the same form as the usual N = 1 supergravity model (such
as [39] or [40, 41]). Note that the superpotentials W and S are related by (6.4.10).
6.5 Conclusion
We have seen that, in the N = 2 U(N) gauged supergravity model, the N = 2 supersym-
metry has been broken to N = 1 counterpart spontaneously. In particular, we have not
chosen the symplectic section as the simplest function. This leads to the effective theory
which contains higher order coupling terms of the scalar fields. As we have seen in the last
section, the Nambu-Goldstone fermion and the Nambu-Goldstone bosons are absorbed by
the gravitino and the gauge bosons respectively, through the super-Higgs and the Higgs
mechanisms. All the masses of the fermions and the bosons have been evaluated. The
gauge symmetry U(N) × U(1)graviphoton is broken to SU(N) and the resulting model lies
in the Higgs phase. Finally, we have considered the N = 1 Lagrangian. The N = 1
Yukawa interaction terms and the N = 1 scalar potential can be written in terms of the
superpotentials.
As is pointed out in [13], if we force the gravity and the hypermultiplet to decouple,
the gravitino mass (6.3.5) becomes zero. Thus, the gauge boson corresponding to the
overall U(1) and the graviphoton become massless in this limit. The Higgs phase of U(1)×
U(1)graviphoton approaches the Coulomb phase.
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Appendix A
Conventions and notations
Minkowski metric is defined as ηij ≡ (1,−1,−1,−1). The Riemann Tensor is
Rµν = dΓ
µ
ν + Γ
µ
ρ ∧ Γρν ≡ −
1
2
Rµνρσdx
ρ ∧ dxσ. (A.0.1)
Decomposition of tensors in self-dual and antiself-dual parts is
T±µν =
1
2
(
Tµν ± i
2
ǫµνρσT
ρσ
)
. (A.0.2)
A.1 Notations in quaternionic Ka¨hler manifolds
SU(2) and Sp(2k) metrics
The flat SU(2) and Sp(2k) metrics satisfy:
ǫABǫBC = −δAC , eAB = −ǫBA, e12 = e12 = +1, (A.1.1)
C
αβ
Cβγ = −δαγ Cαβ = −Cβα, C12 = C12 = +1. (A.1.2)
For any SU(2) vector PA we have:
ǫABP
B = PA, (A.1.3)
ǫABPB = −PA, (A.1.4)
and for any Sp(2k) vectors Pα we have:
CαβP
β = Pα, (A.1.5)
C
αβPβ = −Pα. (A.1.6)
Pauli matrices
The standard Pauli matrices (σx) BA (x = 1, 2, 3) are
(σ1) BA =
(
0 1
1 0
)
, (σ2) BA =
(
0 −i
i 0
)
, (σ3) BA =
(
1 0
0 −1
)
. (A.1.7)
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The Pauli matrices with two lower indices are defined as follows:
(σx)AB ≡ (σx) CA ǫBC , (A.1.8)
(σx)AB ≡ −(σx) BC ǫAC . (A.1.9)
The above equations can be written as
(σ1)AB =
(
1 0
0 −1
)
, (σ2)AB =
( −i 0
0 −i
)
, (σ3)AB =
(
0 −1
−1 0
)
,(A.1.10)
(σ1)AB =
( −1 0
0 1
)
, (σ2)AB =
( −i 0
0 −i
)
, (σ3)AB =
(
0 1
1 0
)
. (A.1.11)
These imply the following equation:
(σxAB)
∗ = −σxAB. (A.1.12)
If we define (σx)AB as
(σx)AB = −ǫAC(σx)CB , (A.1.13)
we obtain
(σ1)AB =
(
0 1
1 0
)
, (σ2)AB =
(
0 i
−i 0
)
, (σ3)AB =
(
1 0
0 −1
)
. (A.1.14)
A.2 Spinor conventions
Clifford algebra
The gamma matrices in 4-dimensions are given as follows:
{γi, γj} = 2ηij ,
[γi, γj ] = 2γij ,
γ5 ≡ −iγ0γ1γ2γ3, γ†5 = γ5, γ25 = 1,
{γ5, γi} = 0,
γ†0 = γ0,
ǫijklγ
kl2iγijγ5, ǫ
ijklγkl = 2iγ
ijγ5.
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Chirality
The upper or lower position of the indices of the spinors fix their chirality as follows:
γ5

ψA
λaA
ζα
χ•
η•
 =

ψA
λaA
ζα
χ•
η•
 : right handed, (A.2.2)
γ5

ψA
λaA
ζα
χ•
η•
 = −

ψA
λaA
ζα
χ•
η•
 : left handed. (A.2.3)
Majorana conditions
For any fermion φ, the Majorana condition is
φ¯ ≡ φ†γ0 = φTC, (A.2.4)
where the charge conjugation matrix has the following properties:
C2 = −1, CT = −C,
(Cγi)T = Cγi, (Cγij)T = Cγij,
(Cγ5)
T = −Cγ5, (Cγ5γi)T = −Cγ5γi,
(Cγ5γ
iγj)T = −Cγ5γjγi, (Cγ5γij)T = Cγ5γij . (A.2.5)
Hermiticity of currents
For 0-form spinors:
(χ¯•η•)† = η¯•χ• = χ¯•η•, (A.2.6)
(χ¯•γiη•)† = η¯•γiχ• = −χ¯•γiη•, (A.2.7)
(χ¯•γijη•)† = −η¯•γijχ• = χ¯•γijη•. (A.2.8)
For 1-form spinors
(ψ¯AψB)
† = −ψ¯BψA = ψ¯AψB , (A.2.9)
(ψ¯AγiψB)
† = −ψ¯BγiψA = −ψ¯AγiψB , (A.2.10)
(ψ¯AγijψB)† = ψ¯BγijψA = ψ¯AγijψB . (A.2.11)
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Appendix B
The Bianchi identities and its
solutions
B.1 Ungauged case
Let us start from ungauged case. We introduce the basic fields of N = 2 supergravity and
their associated curvatures as differential forms in superspace. We take the one-forms ei
and ψA, as a basis for N = 2 superspace, whose space-time components eiµ and ψAµ are
the ordinary vierbein and gravitino fields. The curvatures of N = 2 ungauged supergravity
coupled to the vector multiplets and hypermultiplet are as follows:
The superspace curvatures in gravitational sector are defined as,
T i ≡ Dei − iψ¯A ∧ γiψA, (B.1.1a)
ρA ≡ ∇ψA ≡ dψA − 1
4
γijω
ij ∧ ψA + i
2
Q ∧ ψA + ω BA ∧ ψB , (B.1.1b)
ρA ≡ ∇ψA ≡ dψA − 1
4
γijω
ij ∧ ψA − i
2
Q∧ ψA + ωAB ∧ ψB , (B.1.1c)
Rij ≡ dωij − ωik ∧ ωkj, (B.1.1d)
where T i is the torsion 2-form, Rij is the space-time Ricci 2-form, ωij is the spin-connection
1-form, Q is U(1) bundle connection which has been defined in (2.1.17), ω BA ≡ i2(σx) BA ωx
(ωAB = ǫ
ACω DC ǫDB) are SU(2) bundle connection which has been defined in the section
2.3.
The curvatures and covariant derivatives in the vector multiplet sector are
∇za = dza, (B.1.2a)
∇z¯a∗ = dz¯a∗ , (B.1.2b)
∇λaA ≡ dλaA − 1
4
γijω
ijλaA − i
2
QλaA + ΓabλbA + ωABλaB , (B.1.2c)
∇λa∗A ≡ dλa
∗
A −
1
4
γijω
ijλa
∗
A +
i
2
Qλa∗A + Γabλb
∗
A + ω
A
Bλ
a∗
B , (B.1.2d)
FΛ ≡ dAΛ + L¯Λψ¯A ∧ ψBǫAB + LΛψ¯A ∧ ψBǫAB, (B.1.2e)
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where AΛ (Λ = 0, . . . ,m) is the gauge connection 1-form: the value Λ = 0 corresponds to
the graviphoton and Λ = 1, . . . ,m corresponds to the gauge bosons of m vector multiplets.
The quantities LΛ and L¯Λ are arbitrary functions of za and z¯a
∗
on Ka¨hler manifold, but,
as we will see later, the Bianchi identities constrain in such a way that they coincide with
the objects defined in (2.2.6). Note that we do not assume that the vector multiplet scalar
sector is described by the special Ka¨hler geometry rather we only assume it is described by
Hodge-Ka¨hler geometry.
The covariant derivatives in the hypermultiplet sector are
∇ζα ≡ dζα − 1
4
γijω
ijζα − i
2
Qζα +∆ βα ζβ, (B.1.3a)
∇ζα ≡ dζα − 1
4
γijω
ijζα +
i
2
Qζα +∆αβζβ, (B.1.3b)
where ∆ βα is the gauged Levi-Civita connection on HM defined in the section 2.3, satisfying
the conditions (2.3.11). It is convenient to convert the world index of the curvature dbu into
a flat index A, α by means of the quaternionic vielbein such that,
UAα ≡ UAαu dbu. (B.1.4)
The Bianchi identities in the ungauged case
We can derive the following Bianchi identities: in the gravitational sector,
DT i +Rij ∧ ej − iψ¯A ∧ γiρA + iρ¯A ∧ γiψA = 0, (B.1.5a)
∇ρA + 1
4
γijR
ij ∧ ψA − i
2
K ∧ ψA −R BA ∧ ψB = 0, (B.1.5b)
∇ρA + 1
4
γijR
ij ∧ ψA + i
2
K ∧ ψA −RAB ∧ ψB = 0, (B.1.5c)
DRij = 0, (B.1.5d)
where R BA is the SU(2) curvature defined in (2.3.17) and K is the Ka¨hler 2-form, K = dQ.
The covariant derivative D have defined as, for vector V i and tensor V ij ,
DV i = dV i − ωij ∧ V j , (B.1.6)
DV ij = dV ij − ωik ∧ V kj + ωjk ∧ V ik. (B.1.7)
In the vector multiplet sector, we obtain
d2za = d2z¯a
∗
= 0, (B.1.8a)
∇2λaA + 1
4
γijR
ijλaA +
i
2
KλaA +Rabλ
bA − i
2
RABλ
aB = 0, (B.1.8b)
∇2λa∗A +
1
4
γijR
ijλa
∗
A −
i
2
Kλa
∗
A +R
a∗
b∗λ
b∗
A −
i
2
RBAλ
a∗
A = 0, (B.1.8c)
dFΛ = ǫAB∇LΛ ∧ ψ¯A ∧ ψB + 2ǫABLΛψ¯A ∧ ρB
− ǫAB∇L¯Λ ∧ ψ¯A ∧ ψB + 2ǫABL¯Λψ¯A ∧ ρB = 0, (B.1.8d)
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where Rab is the Ricci 2-form of the Hodge-Ka¨hler manifold.
In the hypermultiplet sector, we have
∇2ζα + 1
4
γijR
ijζα + R
β
α ζβ +
i
2
Kζα = 0, (B.1.9a)
∇2ζα + 1
4
γijR
ijζα + Rαβζ
β − i
2
Kζα = 0, (B.1.9b)
∇UAα = 0, (B.1.9c)
where Rαβ is the Sp(2m) curvature which has been defined in (2.3.18).
The solutions of the Bianchi identities in the ungauged case
The solutions of the Bianchi identities (B.1.5a)-(B.1.9c) in the ungauged case are written
as follows:
T i = 0, (B.1.10)
ρA = ρA|ijei ∧ ej + (ABA|jηij +A′BA|jγij)ψB ∧ ei
+ǫAB(T
−
ij + U
+
ij )γ
jψB ∧ ei, (B.1.11)
ρA = ρAije
i ∧ ej + (AA|jB ηij +A
′A|j
B γij)ψ
B ∧ ei
+ǫAB(T+ij + U
−
ij )γ
jψB ∧ ei, (B.1.12)
Rij = Rijkle
k ∧ el − i(ψ¯AθA|ijk + ψ¯AθijA|k) ∧ ek
+ǫijklψ¯A ∧ γkψB(A′BA|k − A¯
′ B
A|k)
+iǫABψ¯A ∧ ψB(T+ij + U−ij)− iǫABψ¯A ∧ ψB(T−ij + U+ij), (B.1.13)
dza = Zai e
i + ψ¯Aλ
aA, (B.1.14)
dz¯a
∗
= Za
∗
i e
i + ψ¯Aλa
∗
A , (B.1.15)
∇λaA = ∇iλaAei + iZai γiψA +G−aij γijψBǫAB + Y aABψB , (B.1.16)
∇λa∗A = ∇iλa
∗
A e
i + iZ¯a
∗
i γ
iψA +G
+a∗
ij γ
ijψBǫAB + Y
a∗
ABψ
B , (B.1.17)
FΛ = FΛij e
i ∧ ej + i(fΛa λ¯aAγiψBǫAB + f¯Λa∗ λ¯a
∗
A γiψBǫ
AB) ∧ ei, (B.1.18)
∇ζα = ∇iζαei + iUBβi γiψAǫABCαβ, (B.1.19)
∇ζα = ∇iζαei + iUAαi γiψA, (B.1.20)
UAα = UAαi ei + ǫABCαβψ¯Bζβ + ψ¯Aζα, (B.1.21)
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where
A iBA = −
i
4
ga∗b(λ¯
a∗
A γ
iλbB − δBA λ¯a
∗
C γ
iλbC), (B.1.22a)
A
′ iB
A =
i
4
ga∗b(λ¯
a∗
A γ
iλbB − 1
2
δBA λ¯
a∗
C γ
iλbC) +
i
4
λδBA ζ¯αγ
iζα, (B.1.22b)
θij;kA = 2γ
[iρ
j]k
A + γ
kρijA , θ
ij;k|A = 2γ[iρj]k|A + γkρij|A, (B.1.23)
T−ij = 2i(ImN )ΛΣLΣ
(
F−Λij +
1
8
∇afΛb λ¯aAγijλbBǫAB +
λ
4
C
αβ ζ¯αγijζβL
Λ
)
, (B.1.24a)
T+ij = 2i(ImN )ΛΣL¯Σ
(
F−Λij +
1
8
∇a∗ f¯Λb∗ λ¯a
∗
A γijλ
b∗
B ǫ
AB +
λ
4
Cαβ ζ¯
αγijζ
βL¯Λ
)
, (B.1.24b)
U−ij =
i
4
λCαβ ζ¯αγijζβ, (B.1.25a)
U+ij =
i
4
λCαβ ζ¯
αγijζ
β, (B.1.25b)
Ga−ij = −gab
∗
f¯Σb∗(ImN )ΣΛ
(
FΛ−ij +
1
8
∇afΛb λ¯aAγijλbBǫAB +
λ
4
C
αβ ζ¯αγijζβL
Λ
)
, (B.1.26a)
Ga
∗+
ij = −ga
∗bfΣb (ImN )ΣΛ
(
FΛ+ij +
1
8
∇a∗ f¯Λb∗λ¯a
∗
A γijλ
b∗
B ǫ
AB +
λ
4
Cαβ ζ¯
αγijζ
βL¯Λ
)
, (B.1.26b)
Y aAB =
i
2
gab
∗
Cb∗c∗d∗ λ¯
c∗
C λ
d∗
D ǫ
ACǫBD, (B.1.27a)
Y a
∗
AB = −
i
2
ga
∗bCbcdλ¯
cCλdDǫACǫBD. (B.1.27b)
Furthermore, from the closure of the Bianchi identities, we obtain the constraints on LΛ,
L¯Λ, fΛa , f¯
Λ
a∗ and Cabc which are the geometrical object of the Hodge-Ka¨hler manifold. This
constraints restrict the Hodge-Ka¨hler manifold to be a special Ka¨hler manifold. We will
discuss this at the end of the next section.
B.2 Gauged case
Let us consider the modifications to the previous results when the theory is gauged. The
discussion in this section is parallel to that in the previous section. In this case, we have to
redefine the curvature (B.1.1a)-(B.1.3b) according to the discussions in the section 3.2. In
particular, for the scalar fields za, z¯a
∗
and bu, we replace as follows:
dza → ∇za = dza + gAΛkaΛ(z), (B.2.1a)
dz¯a
∗ → ∇z¯a∗ = dz¯a∗ + gAΛka∗Λ (z¯), (B.2.1b)
dbu → ∇bu = dbu + gAΛkuΛ(b). (B.2.1c)
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Eq.(B.2.1c) implies that the gauged quaternionic vielbein UˆAα is given by
UˆAα = UAαuv ∇bu ∧ ∇bv. (B.2.2)
We also have to replace the curvatures of the connections with thier gauged expressions:
Rab → Rˆab , (B.2.3a)
K → Kˆ, (B.2.3b)
R
αβ → Rˆαβ, (B.2.3c)
R BA → Rˆ BA ≡
i
2
(σx)
B
A Ωˆ
x. (B.2.3d)
where Rˆab , Kˆ, Rˆ
αβ and Rˆ BA are given in (3.2.3), (3.2.11), (3.2.8) and (3.2.12). Furthermore,
we have to replace dAΛ in (B.1.2e) with the complete gauge curvature (3.2.6):
dAΛ → FΛ ≡ dAΛ + 1
2
gf ΛΣΓ A
Σ ∧AΓ. (B.2.4)
For completeness, let us collect the curvatures of all the sectors. The curvatures in
gravitational sector are
T i ≡ Dei − iψ¯A ∧ γiψA, (B.2.5a)
ρA ≡ ∇ψA ≡ dψA − 1
4
γijω
ij ∧ ψA + i
2
Qˆ ∧ ψA + ωˆ BA ∧ ψB , (B.2.5b)
ρA ≡ ∇ψA ≡ dψA − 1
4
γijω
ij ∧ ψA − i
2
Qˆ ∧ ψA + ωˆAB ∧ ψB , (B.2.5c)
Rij ≡ dωij − ωik ∧ ωkj. (B.2.5d)
The curvatures and covariant derivatives in the vector multiplet sector are
∇za = dza + gAΛkaΛ(z), (B.2.6a)
∇z¯a∗ = dz¯a∗ + gAΛka∗Λ (z¯) (B.2.6b)
∇λaA ≡ dλaA − 1
4
γijω
ijλaA − i
2
QˆλaA + ΓˆabλbA + ωˆABλaB , (B.2.6c)
∇λa∗A ≡ dλa
∗
A −
1
4
γijω
ijλa
∗
A −
i
2
Qˆλa∗A + Γˆabλb
∗
A + ωˆ
A
Bλ
a∗
B , (B.2.6d)
FˆΛ ≡ FΛ + L¯Λψ¯A ∧ ψBǫAB + LΛψ¯A ∧ ψBǫAB . (B.2.6e)
We have used the notation FˆΛ in order to distinguish from FΛ = dAΛ + 12gf
Λ
ΣΓ A
Σ ∧ AΓ.
In the hypermultiplet sector the covariant derivatives are
UAα ≡ UAαu ∇bu ≡ UAαu (dbu + gAΛkuΛ(b)), (B.2.7a)
∇ζα ≡ dζα − 1
4
γijω
ijζα − i
2
Qˆζα + ∆ˆ βα ζβ, (B.2.7b)
∇ζα ≡ dζα − 1
4
γijω
ijζα +
i
2
Qˆζα + ∆ˆαβζβ. (B.2.7c)
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The Bianchi identities in the gauge case
The Bianchi identities in the gauged case is the same as the ungauged case (B.1.5a)-(B.1.9c)
except that the curvatures are replaced as (B.2.3a)-(B.2.3d). In the gravitational sector, we
obtain the following Bianchi identities:
DT i +Rij ∧ ej − iψ¯A ∧ γiρA + iρ¯A ∧ γiψA = 0, (B.2.8a)
∇ρA + 1
4
γijR
ij ∧ ψA − i
2
K ∧ ψA − Rˆ BA ∧ ψB = 0, (B.2.8b)
∇ρA + 1
4
γijR
ij ∧ ψA + i
2
K ∧ ψA − RˆAB ∧ ψB = 0, (B.2.8c)
DRij = 0. (B.2.8d)
In the vector multiplet sector, we get
∇2za − g(FˆΛ − L¯Λψ¯A ∧ ψBǫAB − LΛ ∧ ψ¯A ∧ ψBǫAB)kaΛ = 0, (B.2.9a)
∇2z¯a∗ − g(FˆΛ − L¯Λψ¯A ∧ ψBǫAB − LΛ ∧ ψ¯A ∧ ψBǫAB)ka∗Λ = 0, (B.2.9b)
∇2λaA + 1
4
γijR
ijλaA +
i
2
KˆλaA + Rˆabλ
bA − i
2
RˆABλ
aB = 0, (B.2.9c)
∇2λa∗A +
1
4
γijR
ijλa
∗
A −
i
2
Kˆλa
∗
A + Rˆ
a∗
b∗λ
b∗
A −
i
2
RˆBAλ
a∗
A = 0, (B.2.9d)
∇FˆΛ − ǫAB∇LΛ ∧ ψ¯A ∧ ψB + 2ǫABLΛψ¯A ∧ ρˆB
− ǫAB∇L¯Λ ∧ ψ¯A ∧ ψB + 2ǫABL¯Λψ¯A ∧ ρˆB = 0. (B.2.9e)
In the hypermultiplet sector, we derive
∇2ζα + 1
4
γijR
ijζα + Rˆ
β
α ζβ +
i
2
Kˆζα = 0, (B.2.10a)
∇2ζα + 1
4
γijR
ijζα + Rˆαβζ
β − i
2
Kˆζα = 0, (B.2.10b)
∇UAα − g(FˆΛ − L¯Λψ¯A ∧ ψBǫAB − LΛ ∧ ψ¯A ∧ ψBǫAB)kuΛ(b)UAαu = 0. (B.2.10c)
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The solutions of the Bianchi identities in the gauged case
The solutions of the Bianchi identities (B.2.8a)-(B.2.10c) in the gauged case are written as
follows:
T i = 0, (B.2.11)
ρA = ρA|ijei ∧ ej + (ABA|jηij +A′BA|jγij)ψB ∧ ei
+ǫAB(T
−
ij + U
+
ij )γ
jψB ∧ ei + igSABηijψB ∧ ei, (B.2.12)
ρA = ρAije
i ∧ ej + (AA|jB ηij +A
′A|j
B γij)ψ
B ∧ ei
+ǫAB(T+ij + U
−
ij )γ
jψB ∧ ei + igS¯ABηijγjψB ∧ ei, (B.2.13)
Rij = Rijkle
k ∧ el − i(ψ¯AθA|ijk + ψ¯AθijA|k) ∧ ǫk
+ǫijklψ¯A ∧ γkψB(A′BA|k − A¯
′ B
A|k)
+iǫABψ¯A ∧ ψB(T+ij + U−ij)− iǫABψ¯A ∧ ψB(T−ij + U+ij)
−gSABψ¯A ∧ γijψB − gS¯ABψ¯A ∧ γijψB , (B.2.14)
FˆΛ = FΛij e
i ∧ ej + i(fΛa λ¯aAγiψBǫAB + f¯Λa∗ λ¯a
∗
A γiψBǫ
AB) ∧ ei, (B.2.15)
∇λaA = ∇iλaAei + iZai γiψA +G−aij γijψBǫAB + (Y aAB + gW aAB)ψB , (B.2.16)
∇λa∗A = ∇iλa
∗
A e
i + iZ¯a
∗
i γ
iψA +G
+a∗
ij γ
ijψBǫAB + (Y
a∗
AB + gW
a∗
AB)ψ
B , (B.2.17)
∇za = Zai ei + ψ¯AλaA, (B.2.18)
∇z¯a∗ = Za∗i ei + ψ¯Aλa
∗
A , (B.2.19)
∇ζα = ∇iζαei + iUBβi γiψAǫABCαβ + gNAα ψA, (B.2.20)
∇ζα = ∇iζαei + iUAαi γiψA + gNαAψA, (B.2.21)
UAα = UAαi ei + ǫABCαβψ¯Bζβ + ψ¯Aζα, (B.2.22)
where A
|iB
A , A
′|iB
A , θ
ij;k
A , Tij , Uij, G
a
ij and Y
aAB are identical with the ungauged case
(B.1.22a)-(B.1.27b). The constant g is just a symbolic notation to remind that these terms
are produced by the gauging and the new terms SAB, W
aAB and NAα are
SAB =
i
2
(σx)
C
A ǫBCPxΛLΛ,
S¯AB =
i
2
(σx)
B
C ǫ
CAPxΛL¯Λ, (B.2.23)
W aAB = ǫABkaΛL¯
Λ + i(σx)
B
C ǫ
CAPxΛgab
∗
f¯Λb∗ ,
W a
∗
AB = ǫABk
a∗
Λ L
Λ + i(σx)
C
A ǫBCPxΛga
∗bfΛb , (B.2.24)
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NAα = 2UAα|ukuΛL¯Λ,
NαA = −2UαA|ukuΛLΛ. (B.2.25)
The constraints following from the closure of the Bianchi identities are a set of differential
constraints on the upper parts LΛ, L¯Λ, fΛa and f¯
Λ
a∗ of the symplectic sections V and Ua and
on Cabc:
∇a∗LΛ = ∇aL¯Λ = 0, (B.2.26)
fΛa = ∇aLΛ, (B.2.27)
f¯Λa∗ = ∇a∗L¯Λ, (B.2.28)
∇d∗Cabc = ∇dCa∗b∗c∗ = 0, (B.2.29)
∇afΛb = igcd
∗
f¯Λd∗Cabc. (B.2.30)
These equations are the same for that of the section 2.2. Therefore the constraints (B.2.26)-
(B.2.30) restrict the Hodge-Ka¨hler manifold which we start from to be a special Ka¨hler
manifold.
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